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We are interested in studying the cohomology groups H*(I', V) for I' C G(Q) arithmetic and
V a finite dimensional algebraic representation of G.

These cohomology groups have a geometric interpretation. If K C G(R) is a maximal
compact subgroup, then X = G(R)/K is a real manifold and the symmetric space Xy =
I'\ G(R)/K is also a real manifold if I is a torsion free.

From V(C), we can forms a local system V on Xr. To do this, note that 71;(X) = I' and
considering V as a representation of I', we can form the sheaf of sections V of the bundle
G xrV — I'\ X. This allows us to identify the cohomology of I' with that of Xr:

H*(I, V(C)) = H*(Xr, V).



The group cohomology groups H*(I', V(C)) have a Hecke action which allows us to in-
terpret them as the space of automorphic forms on G of level I'. For example, in the case of
modular forms, the Eichler-Shimura isomorphism demonstrates that we can reformulate the
theory of weight k modular forms in terms of the cohomology of subgroups I' < SL,(Z):

(0.1) Theorem (Eichler-Shimura). There is a Hecke-equivariant isomorphism
Sk42(I") @ Sgy2(T) @ Bisg 5(I') = H' (Y, Sym*(C?)).

This embedding gives us an idea of how one might generalise of the notion modular forms
by replacing SL,(Z) with other groups.

In the Eichler-Shimura isomorphism, the images of the cusp forms in the de Rham co-
homology, compactly supported, and singular cohomology are all canonically isomorphic un-
der Hecke-equivariant maps, so it is often convenient to consider instead the isomorphism
Sea(I) @ Si2(T) = HY(Yr,Sym*(C?)) with compactly supported cohomology. Similarly, if
I'\ G(R) is not compact modulo the center, then H*(Xr, V) has subspaces corresponding to
cuspidal automorphic forms and these are exhaustive, so we also need to consider other co-
homology classes coming from cusp forms on the Levi’s of proper parabolic subgroups, which
correspond to the Eis;,»(I') in the above.

We are interested in the case that X is compact. Then we have Matsushima’s formula:

H*(I,V) = @ m(n,T,V)H* (g, K Hr @ V)
weG

where the sum is finite and runs over certain unitary representations (7t, H;) of G. This allows
us to reduce to the problem of studying the H* (g, K; H; ® V'), which we are able to calculate
explicitly.

In this project, we will largely follow A.Borel and Wallach’s book [1] ‘Continuous Cohomo-
logy, Discrete Subgroups, and Representations of Reductive Groups’. We will start by defining
(9, K)-cohomology and all of the necessary terminology in the first section, and then prove
some vanishing theorems for (g, K)-cohomology in the second section. In the third section, we
will then prove Matsushima’s formula. In the fourth, we shall prove a theorem which gives
explicitly the Betti numbers of the (g, K)-cohomology of the tensor product of an irreducible
finite dimensional complex representation of G with some induced representation of a para-
bolic, and show that this vanishes outside of an interval [go,q0 + lo] for Iy = rk(G) — rk(K)
and 2q9 = dim(G/K) — ly. In particular, we can deduce from this that for V a tempered
(g, K)-module, H7(g,K; V ® Fy) = 0 for g outside of this interval. We conclude with a short
discussion of Venkatesh’s conjecure and explain why these results are indicative of it.

1 Preliminaries

1.1 Representations of Lie groups

(1.1) Notation. If G, H, ... are real Lie groups then we will denote their Lie algebras by g, b, ...
If m is a subspace of g, then we will denote its complexification by m; = m ®R C. A Lie algebra
go is called a real form of the complex Lie algebra g if g = (go)c. Using the correspondence
between Lie groups and Lie algebras, we can then define the real form Gy of a complex Lie
group G.



Denote the universal enveloping algebra over C of g by U(g) and its center by Z(g).

If G is a Lie group, let °G = Nyex(c) ker [x| where X(G) is the group of continuous homo-
morphisms G — R*. It is normal and contains the derived group and all compact subgroups
of G.

(1.2) Example. SL,(R), the group of real 2 x 2 matrices of determinant 1, is a real compact
simple Lie group with Lie algebra sl(IR), the Lie algebra of real 2 x 2 traceless matrices. It is
a real form for the complex Lie group SL,(C).

Let (77, V) be a continuous G-module.

(1.3) Definition. Define a continuous map ¢, : G — V by ¢,(g) = 71(g)v. Then for a continuous
functional ¢ on V, we can define functions c,5(g) = (cu(g),?), the coefficients of V.

If V is a Hilbert space, we can define the coefficients as ¢y (g) = (7(g)v, w) for v,w € V
where (, ) is the scalar product on V.

v € V is differentiable if ¢, is C*. Denote the space of such v by V*, which is a G-
representation.

(1.4) Remark. U(g) acts on V*°. To show this, suppose v is differentiable and define f : g — V
by f(X) = m(exp(X))v. This is differentiable. Define ¢(X)v = f/'(0)X. Then ¢(X) : V® — V=
and ¢([X,Y]) = ¢(X)p(Y) — ¢(Y)¢p(X) so it gives an action of U(g) on V.

(1.5) Definition. A vector v € V is G-finite if it is contained in a finite dimensional subspace
stable under G. A G-module is locally finite if every element is G-finite.
Let K be a compact subgroup of G and W a finite dimensional K-module. Let V(y) =

TRQW—T (W)
—

Im(Homg (W, V) @ W
Uw V(w) running over all such W.

If W is irreducible then we call V(yy) the isotypic subspace of type W.

We say that V is admissible if all isotypic subspaces are finite dimensional.

Suppose K has been fixed. Then let V) = V* N V), a space which is stable under g. Finite
dimensional isotypic subspaces are contained in V* and they are contained in V iff all isotypic
subspaces are finite dimensional. In this case Vp = V(.

V). Then the space of K-finite vectors V(i) is given by

(1.6) Definition ((g, K)-modules). A (g, K)-module is a real or complex vector space which is
a g-module and a locally finite and semisimple K-module such that the operations of g and K
satisfy the following compatibility conditions:

1. k- (X-v)=(Ad(k)X) - (k-v) forallv € V,k € K, X € g.

2. If F is a K-stable finite dimensional subspace of V, then the representation of K on F is
differentiable, and has differential 7t|¢. (That is, (% exp(tY) - v) li—o=Y -vforallveF
and Y € ¢)

A (g, K)-module is admissible if it is admissible as a K-module.

(1.7) Definition. Suppose that V is a vector space satisfying (1) and (2) in (1.6) and in which
every K-stable finite dimensional subspace is K-semisimple. Then V| is a (g, K)-module.

Given a (g, K)-module V, g and K operate on its dual space V' and it satisfies the above, so
we can define the contragradient (g, K)-module V = (V' )(k) to V.

This gives us a functor from V is admissible iff V is admissible.



(1.8) Definition. A (g, K)-module V is unitary if V is endowed with a positive non-degenerate
scalar product (, ) invariant under K and infinitesimally invariant under g:

1. (k-v,k-w) = (v,w);
2. (x-v,w)+ (v,x-w) =0
forallv,we V, ke K, x €g.

(1.9) Remark. If G is a connected reductive Lie group with K maximal compact, and (7, V) is
a continuous representation of G on a complex Hilbert space V. Then V is admissible iff 77|g
is unitary and each irreducible unitary representation of K occurs in it with finite multiplicity.

(1.10) Example. Irreducible unitary representations on Hilbert spaces are admissible ([4]8.1).
(1.11) Fact (The Peter-Weyl theorem). [4]

1. The set of coefficients of G is dense in the space of continuous complex functions on G
equipped with the uniform norm.

2. If V is a complex Hilbert space which is a unitary representation of a compact group
G, then V admits an orthogonal direct sum decomposition into irreducible finite dimen-
sional unitary representations of G.

3. L%(G) is a Hilbert space and is a unitary representation of G under the action & - f(g) =
f(h~1g). In its decomposition, the multiplicity of each irreducible representation is equal
to its degree. That is, L%(G) is the closure of @, HY dim Hre summing over the set of
isomorphisms classes of irreducible unitary representations of G.

(1.12) Remark. A corollary of the Peter Weyl theorem is that, if K is a compact topological
group, then every irreducible unitary representation is finite-dimensional.

(1.13) Definition. A (g,K)-module (77, V) has infinitesimal character x if there is a homo-
morphism x : Z(g) — C such that 71(z) = x(z) - Id for all z € Z(g). This holds in particular if
V is irreducible and admissible.

A (g,K)-module (77, V) has a central character w if there is a character wy : Z(g,K) — C*
such that 71(z) = wx(z) -1d for all z € Z(g,K), the subgroup of elements in the center of K
acting trivially on g.

(1.14) Definition. Every irreducible admissible (g, K)-module can be realized as the space of
K-finite vectors of an irreducible admissible differentiable G-module. Two smooth representa-
tions are infinitesimally equivalent if the two associated (g, K)-modules of K-finite vectors are
isomorphic.

Let G denote the set of equivalence classes of irreducible unitary representations of G.

(1.15) Remark. Infinitesimally equivalent irreducible unitary representations are equivalent.

(1.16) Definition. If (77, V) is unitary and irreducible, then there exists a unitary character w
of C(G), the center of G. In this case, |c,| is a function on G/C(G) and we say V is in the
discrete series if it is unitary, irreducible, and if its coefficients ¢, , are square integrable on
G/C(G).

If G is compact, then the final condition automatically holds.

We say that it is tempered if the coefficients are in L>*¢(G/C(G)) for all € > 0.



Using [4] and some notes of Kevin Buzzard, we compute the irreducible admissible represent-
ations of gl (R).

(1.17) Example (Classifying the irreducible (gl,(R), O(2))-modules). Let G = GL; over
R, so g = ghh(R), K = O(2). Take Ky = SO(2). Let V be an irreducible (gl,(IR),SO(2))-
module.

SO(2) is isomorphic to S! and every irreducible representation of this is a 1-dimensional
representation z +— z" for n € Z, so V is some direct sum of V; where V;, = {v €
cosf sind

_sinf  cos 9>. Now SO(2) acts on gl,(R) by conjugation.

V|vg-v = Ykv} for 5 = (

. . 01 00 1 0
Take the standard basis for gl,(C) comprising of e = (O 0) f = (1 O)’ h= (O _1>

X = (1) (1) . We can replace it with aea ™!, afa~1, aha~! and relabel. Then [h, f] = —2f,

le, f] = h, [h,e] = 2e and everything commutes with z as usual.

eiG
0
the basis vectors, and 7ygey, L= e2ifp e =20 Yohyy L—p.

Further, noticing W =1land h = ( _01 (1)),

Leta = C 11’) which has the property that a1y = ( e_ie) so acts nicely on

(i6h)?  (i6h)?
o T T
= cos @ +ihsin®

=7 €K

exp(i0h) = 1+ i6h +

and as V is a (g, K)-module,
d .
h-v= %exp(Gzh) v ) o=0

(L)
*d')’ke =0

= ikv

for all v € V.

Now let H, E, F, X be the elements in the universal enveloping algebra corresponding
to h,e, f,x. It can be checked on the basis vectors that (the Casimir element) C = (H —
1)2 +4EF € Z(g), and so as V is irreducible, C acts by a scalar ¢. X also acts as a scalar #.

Notice vpEv = ('ygEy;l)'ygv so if v € Vi, then Ev € Vi ,, and similarly Fv € Vj_,.
Also, EF = 1(C — (H —1)?), s0 EFo = (¢ — (k — 1)?)v, and similarly FEv = }(¢ — (k+
1)?)v. Soif ¢ # (k—1)? and v # 0, then Fv # 0, and if ¢ # (k+1)? and v # 0, then
Ev # 0.

If there is 0 # v € Vi with Fo = 0, then @, E"(v) is stable under E, F, H, X and Ky
so by irreducibility it is all of V. Also in this case, ¢ = (k — 1)2. Similarly, if there exists



http://wwwf.imperial.ac.uk/~buzzard/maths/research/notes/index.html

0 # v € Vy with Ev = 0, then V = @, F'(v) and ¢ = (k+1). Conversely, if ¢ = (k —1)?
and V; # 0 then FV; = 0, and if ¢ = (k+ 1)? and Vj # 0 then EV} = 0.
There are then only the following cases to consider:

L E#n?and V = @pep Vops
. 6#n?and V = Brez Vorr1;

2
3. é=mn?forsomen € Zspand V = Bi—y mod 2 Vi;
4

—_

. &=n?forsomen € Z>gand V = Dr£n mod 2,k<—n—1 Vs

5.¢

n? for some n € Z>gand V = @Drzn mod 2,1-n<k<n—1 ks

6. ¢

n? for some n € Z>gand V = Drzn mod 2, n+1<k V-

So a (gl(R),SO(2))-module is determined by the infinitesimal characters ¢, ¥ and
a type (an irreducible representation of Ky which occurs as a subrepresentation of the
(g, Kp)-module). In fact this correspondence is one to one.

This also proves that irreducibility implies admissibility in this case and that for fixed
infinitesimal characters ¢, ¥, there are only finitely many (gl,(R), SO(2))-modules.

Now suppose that V is an irreducible (gl,(RR),O(2))-module. V is either irreducible
or reducible as a (gl,(R),SO(2))-module. Let d = <(1) (1)), s0 SO(2) and dSO(2) are the
two connected components of O(2).

If V is irreducible, then dVy = V_y as dHd™! = —H, 50 V # @®i=y mod 2,k<—n-1 Vi
Dr=n mod 2,n+1<k Vi

For the remaining cases, either V # 0 or V; # 0, and it is enough to find the d-action
on these as the V;, = Cu; will be 1-dimensional.

If ¢ € Z?, then consider cases 3 and 5 and there are exactly two choices of d-action.

If & ¢ Z2, then consider cases 1 and 2 and V is determined by %, ¢, a type, and one of
the two choices of d-action.

If V is reducible, it will have a submodule W with V = W @& dW and dW # W. This

forces ¢ = n* and V = @< _n—1,n+1<k k=n+1 mod 2 V-

1.2 Linear algebraic and reductive groups

(1.18) Definition. Let k be a field of characteristic 0 and K an algebraically closed extension of
k. A subgroup G is linear algebraic if it is the vanishing of an ideal in K[X11, ..., Xpun)-

It is defined over k if the ideal is generated by polynomials in k[X1, ..., Xy,]. In this case
we set G(k) = GNGL, (k).

(1.19) Definition. If K = C, G is a complex Lie group and if it is defined over IR, then G(RR) is
a Lie group.

We say that G is reductive if its Lie algebra is reductive (it is the direct sum of a semisimple
and an abelian Lie algebra).

(1.20) Definition. A real Lie group G is reductive if there exists a linear algebraic group G
defined over R whose identity component in the Zariski topology is reductive and there exists



a morphism v : G — G(R) with finite kernel and image an open subgroup of finite index in

G(R).

(1.21) Definition. A subgroup of T is a torus if it is the inverse image of S(R) for S an R-torus
of G. We say it is R-split if S is isomorphic to a product of finitely many copies of GL; with
this isomorphism defined over R.

The maximal R-split tori of G are conjugate under G°, the connected component of the
identity in G, and their common dimension is rkg (G), the R-split rank of G.

The split component of G is the identity component of the greatest split torus in the center
of G.

(1.22) Example. If T = T(R) for T a maximal torus over R, then the connected component
TO = (R4)* x (S1)? for some a,b € N. The maximally split tori correspond to the single
conjugacy class where a is maximal and the fundamental Cartan subgroups correspond to the
class where b is maximal. Then Ag is the Lie algebra of the (R, )” part of a fundamental
Cartain subgroup.

(1.23) Definition. A Cartan involution 6 of G is an involutive automorphism of G with fixed
point set a maximal compact subgroup and which is the inversion on the split component of
G. A Cartan involution on g is an involutive automorphism such that for B the killing form,
By(X,Y) := —B(X,0Y) is positive definite.

Let G be a connected reductive Lie group and K a maximal compact subgroup and 6 the
Cartan involution associated to K. We have the Cartan decomposition

g=tdp

where p = {x € g|0(x) = —x}.

From now on, let B be a G and 6-invariant nondegenerate symmetric bilinear form on g
with restriction to £ negative non-degenerate. If g is semisimple, let this just be the killing form
of g.

(1.24) Example. For g = gl,,(R), 8(X) = —XT is a Cartan involution. Then p is the subspace
of symmetric matrices and ¢ = s0,(R) is the subspace skew-symmetric matrices.

(1.25) Remark. We have
B(t,p) =0, [6€ =0, [t,p]Cp, [pp]Ct
and if £ contains no non-zero ideal of g, then [p,p] = &.

(1.26) Definition. A closed subgroup P of G is parabolic if G/P is a projective variety.

A parabolic subgroup P of G is the normalizer of a parabolic subgroup of p of g (a subal-
gebra containing a maximal solvable subalgebra). It is the inverse image of P(RR) for some P
a parabolic subgroup defined over R of G.

The unipotent radical N of P is the analytic subgroup generated by the nilradical of p.

A Levi subgroup M of P is the inverse image of a Levi R-subgroup M of P. We have that
P=MxN.

(1.27) Definition. A split component A of P is the split component of a maximal torus in the
radical of P. In particular, A is a split component of Z5(A) and Z(A) is a Levi subgroup of
PandP=MN=A-°M N



The parabolic rank prk(P) of P is defined to be dim A.

A p-pair is a pair (P, A) consisting of a parabolic subgroup P and a split component A of P.
If a minimal parabolic subgroup P is fixed, the standard parabolic subgroups are defined to
be the parabolic subgroups P O Py. Similarly, if we have a minimal p-pair (P, Ag), a standard
p-pair is (P, A) such that P D Py and A C Ay. It is semi-standard if only A C Ay.

Given P parabolic, let P = 6(P) with P = MN for N = 6(N).

(1.28) Notation. Given a standard p-pair, let @(P, A) be the set of roots of P with respect to
A. That is, the set of weights of A acting on n via the adjoint action. Let A(P, A) be the set of
simple roots (those not a sum of more than one element of (P, A)).

It is a fact that a choice of ordering on R® = P(g,, ap.) is equivalent to a choice of minimal
parabolic subgroup Py O Ag and r®" = ®(Py, Ap). Having fixed an ordering, the funda-
mental highest weights @, for « € A are then defined by (@, ) = J,4(B,B)/2 for a,p € A
where (, ) is a scalar product invariant under the Weyl group W.

We will write (P, A) for @(p, a), not distinguishing between the global root and its differ-
ential at the origin.

1.3 Arithmetic groups

(1.29) Definition. If G is a reductive group defined over Q with subgroups I', I, then we say
that I', I’ are commensurable if I N I’ has finite index in both I" and I".

I' C G(Q) is arithmetic if after some (equivalently any) closed embedding G — GL,, I'
and GL,(Z) N G(Q) are commensurable.

Such I' are discrete in G(IR), and are stable under G(Q)-conjugation.

(1.30) Example.
e SL,(Z) =SL,(Q) NGL,(Z) is an arithmetic subgroup of SL,(Q).
e Iy = ker(GL,(Z) — GL,(Z/NZ)) is arithmetic, a congruence subgroup of level N.
e For G = SL; < GL,, the usual IH(N), I1(N) are arithmetic.

(1.31) Remark. If I/, C I are finite index subgroups and there is an isomorphism @ : I =
I'", then we can define a Hecke operator T, € End(H?(I’, V(C))) by

HI(I,V(C)) — HI(I'",v(C)) 2, H(I'",v(C)) — HY(I,V(C))
where the first and second maps are restriction and corestriction.

(1.32) Example. In the case of G = SLy and I' = SL,(Z), I = I'" = IH(p) and the isomorphism

p 0> and T, corresponds to the usual operator T),.

@ is conjugation by < 0 1

(1.33) Definition. Let I1,I5 C I be of finite index. Suppose T is a Hecke operator acting
on HY(T',C). Restriction maps it to the same constant class in HY(I;,C) and corestriction is
multiplication by [I" : I3] = [I" : I1], the degree of T. So T acts as multiplication by the degree.
Define
HU(I,Q)iny = {s € H1(I',Q) | Ts = deg(T)sVT}

so, in particular, H*(I', Q)i = H(T, Q).



The tempered comohology is intended to be a kind of complement to this invarant co-
homology. Let HY(I', Q)temp be the largest T-stable subspace W of HY(I',Q) such that for all
€>0and T € T, A < c(e) deg(T)/2+€ for every eigenvalue A of T on W & C.

(1.34) Remark. We show later that the tempered cohomology can be described quite explicitly.
Its dimensions vanish are a sequence of binomial coefficients dependent on the associated
symmetric space so vanish outside of an interval. Explictly, the tempered cohomology looks
like the lp-dimensional torus (S!)% for Iy = rk G — rk K, but shifted in such a way that the
middle dimension is (dim G/K) /2.

1.4 The Langlands classification

The Langlands classification over R states roughly that we can identify the irreducible admiss-
ible (g, K)-modules in terms of tempered representations of smaller groups.

(1.35) Definition. Let G be a real reductive group with maximal compact K. Fix (Py, Ap) min-
imal and suppose (P, A) is a standard p-pair and P = MN is the standard Levi decomposition
decomposition.

Further, let ¢ be an irreducible tempered representation of M and v € a} be such that
Re(v,a) > 0 for w € A(P, A).

We refer to a triple (P, o, v) as Langlands data.

We want a bijection between the set of Langlands triples and the set of irreducible admissible
representations of G up to infinitesimal equivalence.

(1.36) Definition. Given an admissible finitely generated representation (¢, H,) of %M, the
induced representation (7tp, Ipsy) is the representation defined by right translations on

Ipgy = {f € C°(G;Hy) | f(man-g) = a'®™) .¢(m) - f(g)Vg € G,m e M,a € A,n € N}
where a" := a(a).
(1.37) Definition. If v has Re(v,a) > 0 for « € @(P, A), then define a a homomorphism of
(g, K)-modules j(v) : Ipgy = I, by (j(v)f)(g) = [x f(Ag)dn.

(1.38) Fact. If (¢, Hy) is an irreducible tempered representation of °M, then j(v)Ip , is irredu-
cible and in fact is equivalent to the unique irreducible quotient Jp ;,, the Langlands quotient,
Of I Poy-

(1.39) Theorem (The Langlands classification). Let (71, H) be an irreducible admissible repres-
entation of a real reductive group G. Then there exists a unique set of Langlands data (P, o, v)
such that (7, Hp) is equivalent with Jp,, where Hj is its space of K-finite vectors. .

(1.40) Fact. A representation (77, H) is tempered iff there is a standard p-pair (P, A), o a discrete
series representation of °M, and v € ia* such that (7, Hp) is equivalent to a (g, K)-module
summand of Ip .

(1.41) Example (Tempered representations of SL;(R)). Let G = SL(R), K = SO(2).
Using the same notation as in (1.17), we can show that the Casimir element C acts by
multiplication by some scalar ¢ = u? and generates Z(g) so the infinitesimal character
of any irreducible representation is determined entirely by # € C. The center of G is



M = {I,—I} and acts either trivially or by multiplication by —1 on V. This means that
the infinitesimal character and central characters can be identified with pairs (y,€) for
u € C and € = £1. These allow us to group the discrete series representations into
‘L-packets’ corresponding to pairs (e, u).

Up to conjugacy, SL,(IR) has only one proper parabolic subgroup Py, the upper trian-
gular matrices with determinant 1. Py = MAN where A is the set of diagonal matrices
diag(a,b) with a,b > 0 and ab = 1, and N is the upper triangular matrices with 1’s
on the diagonal. Similarly, P are the lower triagular matrices and so on. So we need
to consider only P = G or P = Py. The principal series representations are determ-
ined by f : R* — C* continuous which in turn are determined by p and € such that
f(tx) = t'f(x), and f(—x) = (=1)°f(x) for t > 0, x € R*. Let I, be the corresponding
representation after inducing to G. I, has central character € and infinitesimal character
U

Any irreducible admissible representation is an eigenspace of C and has an eigenvector
for H so is a subrepresentation of one of the I .

Now as before, I}, admits a basis {v5;}jcz and I_1,, a basis {vj1}jcz, where H(v;) =

. +j+1 —j+1
joj, E(vp) = BF=0j19, F(vj) = =0 5. Let Vi = (o).

Let Dyy = ®j>p1 V) and D, = Di< 1V for y € Z.

e I, is reducible iff y € Z and € = —(—1)".
e [ 19=Dio® D_y, asum of of irreducible representations.

e If I, is reducible with p > 0 then it has a unique irreducible quotient which has
dimension y and kernel D), & D_,.

e If I is reducible with y < 0 then it has a unique irreducible subrepresentation
which has dimension —y and the quotient by it is D, & D—.

o Iy = I,y if it is irreducible.

So the irreducible admissible representations the finite dimensional representations of
dimension yu for each y € Z>( with central characters € = —(—1)", D4 and D_j with
# = 0 and central characters € = —1, the D, for y € Z\ {0} and central charaters
€ = —(—1)¥, and also I for e # —(—1)".

By (1.40), the tempered representations are D, D_g, the Dy for k € Z\ {0}, and also
L, forp € R,and I_q;, for p € R*.

Now to apply the Langlands classification. For the already tempered representations
we are done so can let P = SL,(IR). The finite dimensional representations and the I
for Rey > 0, p & Z or € # —(—1) are all irreducible quotients of I, for Rey > 0
so are induced from tempered representations of P. In the remaining case, for u € Z-¢
and € = —(—1)#, I, has a finite dimensional representation as its irreducible quotient so
again corresponds to one of the tempered representations.
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1.5 Relative Lie algebra cohomology

Let F be a commutative field, g a finite dimensional Lie algebra over F, and ¢ a subalgebra of
g. Let (7r, V) be a g-module over F.

(1.42) Definition. We define

q q

and d : C1 — C7t1 by

df(xo,...,xq):Z(—l)ixif(xg,..., is +Z 1) f([x;, xXjl, x0, -, %y X, Xg).

i i<j

Then d? = 0 so we can define the Lie algebra cohomology groups H(g; V) to be the cohomo-
logy of this complex.

(1.43) Definition. For x € g, define 6, : C1 — C7 and i, : CT — C9~! by
(0xf)(x1,...,x Zf X1l (X X, xg) A+ Xf (X1, %)
(ixf)(x1,- ., x5-1) :f(x,x1,...,xq_1).

These satisfy the relation 0 = diy + ixd.
Define
Cl(g & V) :={f €Ci(gV)|ixf =0f =0Vx et} <Cl(gV).

Then CY(g, ¢ V) is stable under d and we denote its cohomology groups H7(g, t; V), the relative
cohomology groups of g mod ¢ with coefficients in V.

(1.44) Remark. There is an identification

q
C7(g,&V) = {f € Homp(/\(a/¢),V Zf Xt (X X000 xg) = xf(x1,...,%) VX € £,x; € g/}

In other words,
q

C7(g, & V) = Home(/\(8/%), V)
where the action of £ on \7(g/¢t) is induced by the adjoint representation.

(1.45) Fact (The Kunneth rule). Suppose g =g1 P g, t =81 B, V=V, ® Vp, ¢ C g;, and the
V; are g;-modules. Then H7(g,&V) = ®a+b:q H(g1,t; V1) ® Hb(g2, t; Vo).

(1.46) Fact. Assume V, W are g modules in perfect duality with respect to a g-invariant pairing
(,) and H*(g,% V), H*(g,& W) are finite dimensional. Then H(g,&V) = (H™ (g, & W))*
forall g € Z.

(1.47) Remark. Let R = U(g), S = U(¥).
If V, W are (g, K)-modules, we can compute Ext?g X) (V,W) by using a projective resolution

=P =P =V
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and then take C! = Hom(P;, W) and the cohomology of the resulting complex is Ext?(V, W) =
HI(C®*).
Let P; = R®s \'(g/¢) and define 9, : P; — P,_1 by

dr@xi A Axg) =Y (-1 r@xy A AS A Axg)
Y (D)@ [x x ] Axg A AR A AR A AX).
i<j
Lete : Py = R®sC — C be the augmentation. This gives a projective resolution and this

implies in particular that the functors H7(g,K; —) are the right derived functors of W +—
Homg ¢ (C, W).

1.6 (g, K)-cohomology

Now let F = R, G be a Lie group with finite component group, and K be a maximal compact
subgroup of G.

(1.48) Definition. For V be a (g, K)-module, define

q
C9(g,K; V) := Homg (\(g/¥), V)

where K acts on g/t via the adjoint representation.
Then
Cl(g,K; V) C Ci(g, K% V) = Cl(g,¢, V)

so C1(g, K; V) is a subcomplex of C7(g, ¢; V). Define the (g, K)-cohomology groups H(g,K; V)
to be the cohomology groups of this complex.

(1.49) Remark. K/K" acts on C9(g,¥; V) and C7(g,K; V) = Ci(g, ¢; V)K/KO, SO

H(g,K; V) = Hi(g, & V)K/K".

(1.50) Example. Let G = SL(R) and K = SO, (RR). Take a basis h = <(1) _01>, e= (8 é),
1 0
Note that it is sufficient to check that functions are invariant under H.
C(sly, 502, V) = Homy(R,V) = {v € V|hv = 0} and the same holds for C?(sl,,s0,,V).
If ¢ € Cl(slp, 500, V) = Homy,(slp/s02, V), then if g(e) = v and ¢(f) = w, h-v = g([he]) =
¢(2¢) = 2v and h-w = —2w and this completely determines the action, so C!(slp, 500, V) =
{veV|hw=2}®{weV|hw= —2}. Sowe want to find the cohomology of the complex

f= (O 0) . Let V be an admissible representation. Now C7(slp, s0p, V) = Homso, (A7 (s12/502), V).

(ev,fv)

0 Vh:O v (vw)— fo—ew

Vh:2 @ Vh:—2 Vh:O 0.

For example, let V be the space of modular forms of weight k. We can calculate that

exp(th) = (eé eot) sofor f € V, h-f =lim;_,o(exp(th) - f)|i=o(z) = lim;—0 %(e*ktf(eﬂz))hzo.

Now if f € V=" then this reduces to solving (1 +k)f(z) = 2zf'(z) and we get something

12



n+k
2

of the form cz 2 (not completely sure on this line of argument). This is not a modular form
if [n| > korifn £k mod?2, soif k> 3ork =1, then yh=0 — yh=2 — yh=-2 — ( and
Hi(slp, 505, V) = 0 for all 4. In particular, by the Kunneth rule, H7(gl,, ¢, V) = 0 also, so
Hi(gly, K, V) = (H7(gly, &, V))¥/X’ = 0.

1.7 The Laplacian

i<m of p and a

(1.51) Notation. Let m = dimp, n = dimg. Take an orthonormal basis (x;)1<
= 51‘,]‘ for1 <i,j<

pseudo-orthonormal basis (xa)n+1<a<n Of € With respect to B (i.e. B(x;, x;)
m and B(x,, xp) = =6, form+1<a,b < n).
Make the convention that the indices i, j, k,[ run from 1 to m, and a, b, c,d from m + 1 to n.

By (1.25) .
[.'X'i, .X]] = ZC?’]‘XW [xu/ xi] = ZC{J,ixj
a ]

a. —

and, using the invariance of B, cf i = o i

(1.52) Definition. Let (y5) be a basis of g and let (y.) be its dual basis with respect to B. Then
define the Casimir element C = Y 1.« ys -y € Z(g).
Notice that C = ijz — Y2

(1.53) Notation. Let A be a finite set. For s > 0, let I = {1,2,...,s}. Denote by (w", w') the
basis of g* dual to (x4, x;) (w' can viewed as forming a dual basis to (x;) of p*).

1= {j1,...,jg} C Ln, let

whi=wh A AWl

and for 7 € D1(V) = Homg (A7p, V) let

dip(yo, - yg) = (=D -1 (Wo, -, iv---,Yg)-

1

Define

M= 1,
=1(xj,-- .,x]'q)
= D"y
= (=" ",010)

where I(1) = I\ {ju}, so 7 can be written as

I

M= 2 f-w
ICLu,|I1=g

1 . .
— . 2 N J
== Y M@t A AW,
q. jlr--~rjq€1nz

Note also that
(dﬂ)l = Z (_l)uiln(xu) “N1(u)-

1<u<g+1

13



(1.54) Remark. Let (7,V) = (p® 0, H®E) for (p, E) a finite dimensional complex continuous
representation of G and (¢, H) a unitary (g, ¢)-module. There is an scalar product (, )¢ on
E which is invariant under ¢ and such that p(x) is self adjoint for all x € p (an admissible
scalar product). This exists as E is a representation of the compact real form G, so possesses
a Gy-invariant Hermitian scalar product (, )g. g = €@ ip acts by skew-adjoint operators as if
x € gy, then (xv,v") 4 (v,xv") = 0 and for x = iy with y € p, this gives (yv,v') = (v,7’) so p is
self-adjoint.

Then on D7(V) = A7p* ® H ® E there is a scalar product which is the tensor product of the
scalar product on A7 p* given by B with (, )y := (, )g+ (, )g. In particular, if p = ¥ jp piwl,
n = Yyviw!, then (u,v) = Y (ur,vi)y. These scalar products are invariant under ¢ and
(Oxp,v) + (u,0xv) =0forx € &, u,v € DI(V).

For x € g, let T(x)* denote the adjoint of 7(x) with respect to (, )y. Then

=—1(x) forx et

T(x)" =p(x) —o(x) forx € p. 1

(1.55) Definition. Let § : D1(V) — D7-1(V) be defined by
Oy =Y (@) 1

1<j<m

for ] C I, with |[J| =q— 1.
Then 6 commutes with 6, for x € ¢, maps C1(V) to C171(V), and is adjoint to d ((617, u) =
(1, dp)).

(1.56) Definition. Define the Laplacian A = do + dd. It is an endomorphism of D (V) for each
g and it preserves C1(V).

We say that y is harmonic if Ay = 0 (equivalently, if dy = dy = 0, or equivalently if
(An, 1) = 0). Let H (V) be the space of harmonic forms on C1(V).

We say 7 is closed if dy = 0 and coclosed if oy = 0.

(1.57) Proposition. Suppose H is additionally an admissible (g, ¢)-module.
For every g, the map H7(V) — H(V) is an isomorphism.
That is, every cohomology class is represented by a unique harmonic form.

Proof. This is equivalent to the orthogonal decomposition
C1(V) =HI(V)®Im(d) ®Im(d)

which follows from elementary Hodge Theory and the fact that C7(V) = Hom(A7p ®
E*,H) is finite dimensional. O

2 Some vanishing theorems
We will start by proving some results about the Laplacian and Casimir element. Suppose

T = 0 ® p for o a unitary (g, t)-module and p a finite dimensional complex representation of
G a connected Lie group.
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We first prove a result in that if the Casimir element acts as scalar multiples of the identity
under ¢ and p, if these scalars are equal then H7(g, ¢ ) = 0 for all 4, and otherwise all chains
are closed and harmonic.

There is an equivalence between equivalence classes w, of irreducible square integral rep-
resentations and regular roots. We use this in conjunction with Blattner’s conjecture to prove
that the lowest K-weight of w, is A + p — 2p; and that it has multiplicity one. For F irredu-
cible, V € w,, and using the interpretation of Extgre(g, Vi) in terms of Yoneda extensions,
we then prove that Eth’E(F, Vi) = 0 for all g if the highest weight of F is not A — p. If in-
stead the highest weight is A — p then C acts as (A, A+ 2p) - Id on both F and H so, using
the result about the Casimir element, Extg/E(F, H) = H(g,&, F* ® H) = Ci(g, & F* ® H). From
the theorem of the highest weight and the result about the lowest weight, we deduce that
dim Ext;,E(F, Vi) = d; 4 for 2q = dim G/K so vanishes for all but a specific valeu fo .

If G is reductive and its identity component has compact center, then we can reduce to
the case G = G” and decompose V and F into representations of the product of a semisimple
group and a torus. We decompose HY(g, ¢, F) using the Kunneth rule and apply the results
in the previous paragraph to prove that Ext;,K(F, V) = 0 for i # g with g as before. With
the additional assumption that F is irreducible with respect to GY, we go on to prove that
dim H7(g,K; V ® F) <1 at this g.

Finally, we prove Matsushima’s vanishing theorem. This is the statement that, if H is a
nontrivial irreducible admissible unitary (g, ¢£)-module, then H7(g,¢; H) = 0 for q < m(g)
where m(g) € IN is a constant dependent on g which can be explicitly calculated.

2.1 Notation

Let G be a connected reductive Lie group with a maximal compact subgroup K. Let Aj be
a maximal connected commutative R-split subgroup with Lie algebra orthogonal to that of ¢.
Let Py be a minimal parabolic subgroup with split component A.

Fix a Cartan subalgebra h of g containing ag, and let H be the corresponding Cartan sub-
group. If (P, A) is semi-standard, then

h=bdDa

where b = bp = hN%m, a Cartan subalgebra of Un. Also, H = B x A where B = M N H is the
corresponding Cartan subgroup of ‘M.

b = b+ a

where b the space of linear forms on b zero on a and a} are those zero on b.
If (P, A) is semi-standard, then ®(m., ) = @(%m,, b.) may be identified with the set of
roots zero on a and if we let

20=) «w

acdt
ZPOM = 2 n,

ac®(Ome, b )t

then ply = 00y,-
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(2.1) Definition. If W = W(g,, b) is the Weyl group of g. with respect to b, and Wy, =
W(me, be) = W(%n,, b.), then define WP = {w € W|w !(«) > 0Va € Ay}, the set of right
cosets of Wy, in W.

Let [(w) be the length of w € W with respect to the set of reflections s, € W for a € A.

2.2 The Laplacian and Casimir element
(2.2) Proposition. Let V = H ® E be as in (1.54). Then if y € C1(V),

(A7) = (p(C) = (C)) -m

for I C Iy, |I| = g and C the Casimir element.

Proof. Let T = 0,p, or T. View V as a (g, t)-module under 7t and let A, be the corres-
ponding Laplacian. Let 7 € D7(V). Let u from from 1 to g and j from 1 to m. Let
I={ji,.-.,jq}- Then

(0dn); =} 7(x))" (d)jur
j
=3 7)) + Y (= 1) 7 () "7 (%, jor )
] Ju

(don)r = Y (=1)" 17, ) (0 1)
q

= Y (=" () (%) junw)

ju

and so

(Ar -y =Y m(x;) () nr + Z(*l)”_l[n(xju)/ e (x7)* 11 01() - 2
] Ju

The first sum on the right hand side of (2) is equal to
Z(P(xj)2 —o(x)))m
)

so it remains to show that
Y (0(xa)® = p(xa)*)yr = Y (=1)" Mt (x5,), T(x) Iju1(0)-
a j/u
where m + 1 < a < n. Call the right hand side of this Q.
Let m = 7. Thenas ¢ ® 1 and p ® 1 commute,
[7(xj, ), m(xj)*] = lo(x,) + plxj,), o (x)" + p(x;)"]

. . ®)
= [o(xj,), 0 (x)"] + [o(x},), p(x})"].
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Further, 0 (x;)* = —0o(x;) and p(x;) = p(xj)*, so

* *

m(xj)(x;)* = p(x))* — o(x)) = p(x})*p(x)) + o' (x))o(x7)*.

It then follows from (2) that

AT = Ag + Ap (4)
on D1(V).
Using the formulas for 7(x)* in (1) and (3),
[7(x5,, T(x)"] = [o(x)o(xj,)] = lo(x;), (x5, )]
=2}, (0(xa) = p(xa)).
ja
Therefore
Q=) (o(xa) = p(xa)) (=)} mjuncu)) -
a jru
Lq
—
But c]”.’ju = Cyj,s SO
L, = Zcfl,ju;y(xh,. X X))
= Zq(le,..., (Xa, %}, x5,)
u

= —(Ox, 1) (xjp, -, x5,) + T(xa)y (%), X, )

= T(xa)11
as 17 € C1(V) is annihilated by 6y for x € £. So we are done. O

(2.3) Corollary. Let 7 € D9(V). Then Ay = 0iff Ay = Ay = 0.

Proof. This follows from (4) and as Ay = 0 iff (A, 1) = 0. O

(2.4) Corollary. Assume ¢(C) =s-1d, p(C) =r-1d.
(@) If r # s, then H1(g,; H® E) =0 for all g

(b) If r = s, then all cochains are closed, harmonic, and we have

q
H(g,t; HR E) = C7(g,&; H® E) = Hom(/\ p; H® E)

for all q.
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Proof.

(@) A= (r—s)Id on C1(H ® E) for all q. If # is a g-cocycle then di = 0, so Ay = doy,
and so 77 = (r —s) 1Ay = (r — s) " 'ddy which is a coboundary.

(b) In this case A = 0 so all cochains are harmonic so closed and coclosed as Ay = 0 iff
dp =9y =0.

O

2.3 Cohomology with respect to square integrable coefficients

(2.5) Remark. Harish-Chandra classified the discrete series representations of connected semisimple
groups and showed that such a group G has a discrete series iff T is a Cartan subgroup of G.

Let G be semisimple and let T be a maximal torus in K. Suppose that T is a Cartan subgroup
of G.

Let F be a finite dimensional g-module and H = V for V a square integrable representation
of G. If H # 0, then V is also a representation for Gy with Lie algebra g..

(2.6) Remark (Highest Weight Theorem). Let @ (resp. ®)) be a root system of g. (resp.t;) with
respect to t.. Let W = Ng(T)/T (resp. Wy), the Weil group.

Let P(®) C t* (resp. P(Py)) be the lattice of weights of @ (resp. @) (i.e. the set of A € t*
such that 2(A,a)/(a, ) € Z for all simple roots « where (, ) is a W-invariant scalar product
(say, given by the killing form) on t*). P(®) forms a lattice in i - t* (the space of functions in t}
taking imaginary values on t) and the killing form of g induces an inner product on it.

Let A € P(®) and call it regular. Define

Pt =P(®)" = {a € P(®) | (A,a) >0}
Pf =P(d)NP*

ot =dNP*

o = o NPT

We can endow it* with an ordering by setting A > pu if A — p is a linear combination of roots
in @* with non-negative coefficients. So we can define the highest weight of a representation
V of g.

The theorem of the highest weight states that if g is finite dimensional and complex, then
every finite dimensional irreducible representation has a unique highest weight which is dom-
inant integral (so in the same orbit of W as A), and any two such representations with the
same highest weight are isomorphic. Further, for each dominant integral A there is a finite
dimensional irreducible representation with highest weight A. In other words, there is a cor-
respondence:

{ equivalence classes of irreducible

square integrable representations of G} © {orbits of Wy} C {regular elements in P(®)}

wp — A
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The elements of the class of representation w, have infinitesimal characters y 5. In partic-
ular, x4 is the infinitesimal character of the finite dimensional irreducible representation with
highest weight A — p.

(2.7) Notation. If u € P(®y), let F, denote an irreducible representation with highest weight
H.
We will assume the following [3]:

(2.8) Theorem (Blattner’s conjecture). Suppose G has a faithful finite dimensional representa-
tion. If # is dominant with respect to @,", then the irreducible K-module of highest weight u
occurs in the discrete series representation w, with multiplicity

Y. sgn(w)S(w(p+pp) —A—p+px)

weWg

where S(j) is the number of distinct ways that i can be written as a sum of positive roots not
in (Pk-

(2.8) implies:
(2.9) Proposition. Let A € P(QP) be regular and (7, V) € w,. Then
1. dimHomg (Fa4p-20,, V) = 1,

2. if Hom(F,, V) # 0 with u € P¢, then u = A+ p — 2p; + Q where Q is a sum of elements
in ®+.

That is, the lowest K-weight of wx is A + p — 2p; and it is of multiplicity one (using Schur’s
lemma).

(2.10) Theorem. Let (0, F) be an irreducible finite dimensional represention of G, and let
(1, V) € wy.

(a) If the highest weight of (¢, F) relative to @ is not A — p, then Ext;,e(F, Vk) =0 for all i

(b) If the highest weight is A — p, then dim Ext;’E (F,Vk) = di4, where g = (dim G/K) /2.

Proof.

(a) We will first show that if U is finite dimensional and x; # xv , then H(g, & U ®
V) =0 for all 4.

H(g, &, U®r V) = H1(g, &, Homp(U',V)) = Ext!(F, Homp(U’, V)) = Ext/(U’, V)

where F is the field g is over (R or C).

Note that if U’,V are (g, €)-modules, we can interpret Ext?(U’, V) as equivalence
classes (up to morphisms of chain complexes which are the identities on both ends)
of exact sequences

S:0V—=E 1—--—=E—=U=0

in the category C of (g, £)-modules, a commutative group under the Baer sum.
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(b)

Let S;(U', V) be the set of such sequences. If x|, # xv, there is z € Z(g) with
xv(z) =1, xur(z) = 0. Take some S € S;(U’, V). Then z acts on each term of the
sequence S and defines an endomorphism (z) of S. Then clearly y(z)y = 1 and

Y(z)w =0

0 14 E;1 e Eo u’ 0
b b(z)q_1 b(Z)o JO
0 1% E,1 e Eo u’ 0

so S = 0 and we must have Ext,(U’, V) = 0.
Xu' = Xg 7 Xv so the result now follows.
Finally, if the highest weight of F is not A — p, then x; # xr so Ext?(F, Vk) = 0.

We will first show

i
Ethg’E(F,H) = H'(g,¢, " ®H) :HOme(/\}J@P,H) (5)

where g = ¢ @ p is the Cartan decomposition.

To prove this, note that the Casimir element C is central so acts on simple modules
by a scalar and acts on the finite dimensional highest weight module of weight A by
the constant (A, A+ 2p). Then ¢(C) = 7t(C) = r -id as they have the same highest
weight. Then by (2.4) all cochains are closed and harmonic so we are done.

Let ¢, = & — & and & = &, NP7, and let p, = p — pr. The weights of T
on A'p. are of the form ay + --- + a; with a; distinct in @y, so are of the form
Qp = — for aq,. c R, =, R distinct elements of &, .
ap+ oot aj =20, — 71— =yt for y € @ distinct as 20, = ¥, g+ & So the
weights of A’ p. are of the form 20, — Q for Q a sum of elements in ®;.

If 20, is a weight in A'p., then i must equal the number of terms in 20, so i =
|@;f| = 1|®Pu| = (dimG/K)/2 = q. So, by the theorem of the highest weight, 2p,,
has multiplicity 1

The weights of (o, F) relative to T are of the form A — p — Q with Q a sum of weights
in @7 as it has highest weight A — p, so A — p also has multiplicity 1 by the theorem
of the highest weight.

This implies that the weights of T on A'pe ® F (which are the sum of the weights
of F and A'pc) are of the form 20, + A —p — Q. If 20, + A — p + Q' is a weight
of' N pc®F, then Q' = 0,i = gq, and the weight A + p — 2p,, has multiplicity 1 in
N'pc ®F.

This then implies that if A is @, -dominant integral and Homg (F), Npe®F) #0,
then A = A+p—20 — Q. If A = A+ p — 20 + Q, then Homg (Fy, A'pc ® F) # 0
implies Q = 0 and i = g and dim Homg (Fa4p-2,, ATpc ® F) = 1.
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By (2.9) and above

i
dim Ext} ,(F, H) = dim Home(/\ p ® F, H)

1
= ) dimHomg (A p. ® F, F))
AED

i i
= Y (dimHomg (A pc ®F, Fatp-2p,+0) +dimHomg (/\ pc ® F, Fa4p—20,-0))

Q sum in @+

= 51‘,17

as dim Homg (A’ p. ® F, Favp—20,+0 = 0 for Q # 0 with either Q or —Q a sum in
@ by (2.9) and above.

O

(2.11) Remark. We can show similarly to in part (a) above that if U, V are (g, K)-modules with
infinitesimal character x7, xv, (resp. central characters wy;, wy), then

1. If xu # xv (resp. wy # wy), then EthIK(U, V) =0 for all g.

2. If U is finite dimensional and x; # xv (resp. wy # wy), then Hi(g, K;U ® V) = 0 for
all g.

(2.12) Lemma. Let L be a reductive group, L' a normal open subgroup of L, and (7, V) an
irreducible admissible L-module. Then V is a direct sum of finitely many irreducible L'-
modules.

Proof. Let Q C L be a maximal compact subgroup and Q' = QN L’. Then Q' is a maximal
compact subgroup of L’ and Q' is normal and finite index in Q.

Let ¢ € [/ = {equivalence classes of irreducible unitary representations of L'}. By
Frobenius reciprocity, if T restricts to ¢ then Homy (Ind}, o, 7) = Homy, (0, ) which is
1-dimensional, so T must be isomorphic to one of the irreducible submodules of Ind}; (¢)
and so there are finitely many choices of T € L restricting to o. Therefore V is an admiss-
ible L'-module.

It suffices to show that the existence of one irreducible L'-submodule U C V as then
V = Y rer/p xU and hence a direct sum of finitely many such transforms.

Let (75, V) by the contragradient representation. It is a simple L-module and hence is
a finitely generated L’-module. Consequently it has a proper simple quotient. But V is an
irreducible L-module so V is infinitesimally equivalent to V and so V has a proper simple
L'-module U. O

(2.13) Lemma. Let L, L’ be as in the previous lemma and K a maximal compact subgroup of
L and K’ = KN L' Let (7, E) be an irreducible admissible (I, K)-module. Then E is the direct
sum of finitely many irreducible admissible (I, K’)-modules.
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Proof. It is a fact that E may be viewed as the module of K-finite vectors of an irreducible
admissible smooth L-module E;. Then by the previous lemma, E; is a direct sum of
finitely many irreducible admissible L’-modules.

The module of K-finite vectors of an irreducible smooth L’-module is irreducible, so
we can take the K-finite vectors of each of the summands of E; to get E as a direct sum of
finitely many irreducible (I, K’)-modules. O

(2.14) Theorem. Let M be a reductive group whose identity component has a compact center.
Let (71, V) be a discrete series representation of M and (o, F) a finite dimensional irreducible
representation of M. Let g = (dim M/K)/2.

Then Exty ¢ (F, V) =0 fori # q.

Proof. The restriction of (7, V) to M? is the direct sum of finitely many irreducible repres-
entations by above, and these are square integrable (as V has square integrable coefficients
and so the restriction does also). By (1.49) we can reduce to the case that M is connected
and equal to its identity component.

Then as M is connected and reductive, M = M’ - S where M’ is semisimple and S is a
central torus.

We may view V and F as M’ x S modules. Then V is the tensor product of a one-
dimensional representation of S (as S abelian) by an irreducible representation of M,
which is also square integrable.

Since F is finite dimensional, it is a direct sum of irreducible representations, each
of which has the form Fs ® Fyy for Fg a one-dimensional S-representation and Fjp an
irreducible M'-representation. We can assume that F is an irreducible finite dimensional
representation of M’ semisimple. Using the Kunneth rule

H(m,&F) = @ H(w,¢;Fy)® H'(s,6Fs).
a+b=q

Notice that ¢ = (dimM/K)/2 = (dimM'S/K)/2 = (dimM'/(M' NK))/2 and the
rest follows from (2.10).

O

(2.15) Proposition. With the assumptions of the (2.14), and also assuming that F is irreducible
with respect to M°,
dimH1(m,K; V®F) <1

for g = q(G).

Proof. Let Vj be an irreducible (m,K°)-submodule of V. Let U be the (m, K)-module
induced from (m,K%)-module Vy. As a vector space, U = IEO(VO), and U ® F may be
thought of as a (m, K)-module induced from Vy ® F. By Frobenius reciprocity, we have an
exact sequence of (m, K)-modules

0> VRF—-U®F—>V ®F—=0 (6)
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and moreover,
i i

Homg (A (m/t), U ® F) = Homgo(/\(m/¢), Vo ® F)

SO
Hi(m,K;U®F) = H'(m,K% Vy ® F). )

Let W =V, V’. Then
Hi(m,K;W & F) = (Hi(m, K% W @ F))K/K,

Since W is a direct sum of finitely many discrete series representations of M?, (2.14) shows
that '
H(mKW®F)=0

fori # q(G).

Hence, taking the cohomology in (6) gives an embedding
0— HY(m K;V®F) = H1(m,K;U®F)

for g = q(G).

So now we are reduced to the case U = V. (7) allows us to further assume that M
is connected so we can write M = M’ - S for S compact commutative and M’ simple
connected. Then Vj and F are the tensor products of a 1-dimensional representations of S
by irreducible representations of M’ so we can apply (2.10) and the Kunneth rule. O

2.4 Matsushima’s vanishing theorem
If L(, ) is the symmetric bilinear form on ¢ defined by
L(x,y) = tr(adp x o adp y),

then
B(x,y) = Be(x,y) + L(x,y).

The eigenvalues of ad x for x € ¢ are purely imaginary and ¢ acts faithfully on p so L(, ) is
negative and non-degenerate.
Let
A = minycp py)——1 —L(x,x) € (0,1].

a. —
Then using ¢ =c 7

L(xq,xp) an] k= Zcq i
L(xa, xp) 201] cl-».

Assume that the x,’s form an orthogonal basis with respect to L(, ). Set

R(x,y) = —ad[x,y]y
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so R(x,y) -z =[[y, x],z] for x,y,z € p and define

Rijir = B([[x1, xx], x;], xi) = B([x1, x¢], [x}, x:])

SO

Riju = Z Cki - C

We denote by 7;; the coordinates of an element 77 € p ® p with respect to the basis x; ® x; and
define the form:
Fg(gr 77) A/Zq ZCZ] ij + Zqulﬂle}k
ijkl
with A as above.
Let

m(g) = max({0} U {q| F§ > 0}).

(2.16) Theorem (Matsushima’s Vanishing Theorem). Let (71, V) be a unitary (g, ¢)-module on
which the Casimir element acts by a scalar multiple of the identity and such that V¢ = 0. Then
H(g,& V) =0 for g < m(g).

Proof. If C acts non-trivially on V, then H(g, £ V) = 0 for all the ¢’s by (2.2). From now
on assume 77(C) = 0.

We shall prove that if there exists ¢ < m(g) such that H7(g,& V) # 0, then V9 # 0. If
g = 0 then this is clear. Let g > 1.

Since 71(C) = 0, all cochains are closed, harmonic and HY(g, ¢ V) = Ci(g,t V) by (2.2)
so we have to show thatif 5 =) ;% - w! is a cochain, then ny € V9, ie. xin = xan1 =0
foralli,a,l.

Since [p,p] = ¢,

0= (Cpme) = T | = 5 o
1

so it suffices to prove x;; =0for 1 <i<m,I C Ly, |I| =q. Ly = {1,2,...,m}.
This also shows that if v € V¢, then v € V9.

Let
¢(n) = Z i, ]l = )~ Y (i x5, 1P
ij,I iji1,1]q
we shall transform @(7) in two ways.
First, using [x;, x ] Yocf iXa and L(xg, xp) = — Yij c?j . cﬁ?]- we can write
Q(n7) = Z of; - o (xamy, xem11) = 2 L(xa, xp) - (Xaff1, Xp11)-
a,b,ij,1 a,b,1

Since the x,’s are orthogonal with respect to L, the sum is over a = b and, by the definition
of A, we have

A-(g—1)!
o) > ATy 2
a,l

If we use the formula for [x;, x;] on one term in each of the scalar products in our definition
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of @(n7), we get

o) =29 Y i g X X))

i1

and since cj; and [x;, xj] are antisymmetric in i, j, this gives
-1
OO = @) X e Mg X X iy
By assumpton, 7 € C(g,& V) so

Xo Wjy.jy = Y n(xj, [xaxg,), - X,)
u

k
- ZCa,kl,ﬂ(xh""'xk""'qu)

ak,u
1 k& ~
— Z(*l)” “Caj, .q(le,le,...,xju,...qu)
ak,u
so using c;?j =c i’
-1
q-2(n) = . Y, (=" (; Cij * Cij) Tk % My )
Lk, ,00q

Since (7, V) is unitary, we have

(nk,jl,.‘.,j;,..‘,jqxi SXj e Wjyy) = _(xiﬂk,h,...,j;,‘..,jqxi "X 1y,

and using R;j = B([[x], xi], x;], x;) = B([x1, ¢, [x), x]) we get

9201 = Y Riga (i, g oo ¥ )

Lk

=q ) Rijkt (XiMlk jy,....jy XL, . i)
i,jk 1 j2,10q

=— ). Riu(illkjy...i%iM i)
i oo

using that R;j is antisymmetric in the last two indices (using relation to B).
Combining our two @(17) we get

A 2
Y {22||xj77i,j2,...,jq|| + ) Rijkl(xiﬂk,jz,...,jq/xjﬂl,jz,...,jq)} <0.
jarig L5170 ikl
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On p ® p ® V we consider the tensor product Fg v of FJ and the given scalar product on
V. It is positive non-degenerate since § < m(g) and the above inequality can be written as

ZF;’,V({X]' : ’7iu]) <0
]
where | runs through the subsets of I, with 4 — 1 elements.
Since Pg,v is positive non-degenerate, we get
xj - iy =0
forall1 <i,j<m,] C Ly, |J]| = q — 1, which is the same as

X = 0

foralll1 <i<m,IC Iy, |I| =q. O

(2.17) Corollary. If (0, H) is a nontrivial irreducible admissible unitary (g, ¢)-module, then
Hi(g,¢; H) =0 for g < m(g).

3 Matsushima’s formula

Let I < G be a discrete subgroup of a Lie group G with finitely many connected components
and maximal compact K. Let (p, E) be a finite dimensional irreduible complex representation
of G and (¢, H) a unitary (g,K)-module. Let V = H® E. We wish to prove Matushima’s
formula, that H*(I',E) = Dce m(7t, I, E)H*(g,K; Hr ).

We first prove that H1(I',V) = H1(I'\ X, V) = H1(g,K,C®(I'\ G) ® V).

Gactson L?(I'\ G, V) and it decomposes as a direct sum of irreducible representations with
finite multiplicities @ ,m (7, I') - Hy. Moreover C®(I'\ G) = (L2(I'\ G))® so H*(g, K; C®(I"\
G)®V) = H*(g,K; (@nm(n,]") : Hn) V).

For S C G be a finite set of representations, we can decompose H*(I', V) = @ g m(m, [ H* (g, K; Hz ®
V)" (9, K; (@ﬂgsm(n,l") -Hﬂ) V).

By compactness, H*(I', V) is finite dimensional, so for large enough S, H*(9, K; Hy ® V) =
0 for all 7 ¢ S. Then it is enough to prove that if each (g, K)-cohomology of a countable
collection of irreducible unitary representations of G vanishes, then the cohomology of its
direct sum vanishes also.

(3.1) Notation. Let M be a smooth manifold, L = R or C, E a finite dimensional vector space
over L. Let T(M),, denote the tangent space at m € M and C®(M;E) the space of smooth
functions with values in E.

Let A;(M; L) be the space of smooth vector fields on M and A;(M; L) = A; (M) ®R L.

Let A7(M; E) be the space of smooth E-valued differential g-forms on M. If w € A7(M;E),
it associated to each m € M, an element of Hom(A7 T(M), E). Let the value of w on y =
(y1,--.,Y4) at m be denoted w(m;y). We can define a differential d : A1(M;E) — ATT1(M: E)
in the same way as for relative (g, £)-cohomology.
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(3.2) Remark. Let E be the local system of coefficients on M associated to a representation
on E of the fundamental group (there is a 1-1 correspondence between representations of the
fundamental group and local systems). Since the transition functions on E are locally constant,
we can still define A9(M; E), and exterior differentiation d in the same way.

Suppose now that G? has finitely many connected components.
Let M be a compact subgroup of G.

(3.3) Theorem. There is a canonical isomorphism

H*(I;E) = H (A(X;E)").

Proof. We will prove under assumption that there is I'' < I a torsion free subgroup of
finite index.

Suppose that I acts freely. Then I' \ X is a smooth manifold and, since X is contractible,
it is also an Eilenberg-MacLand space K(I',1). That is, it is a connected topological space
with homotopy group 7(I' \ X) = I'. Then

H*(IE) = H*(T'\ X; E).

Let 7 : X — I'\ X be the projection. It is immediate that w — w o 7t defines an isomorph-
ism A(I'\ X;E) — A(X;E)" and then applying de Rhams’s theorem gives the result.
Assume instead that there is I’ < I' a torsion free subgroup of finite index. Then
I'/T" acts on H*(I";E) and, from the Hochschild-Serre spectral sequence, H*(I'; E) =
(H*(I'; E))/T". Also, A(X;E)T = (A(X;E)™)T/T" and since taking invariants under a
finite group is an exact functor in characteristic zero, it follows that H*(A(X;E)') =
H*(A(X; E)'")T/T" and we can reduce to the first case. O

(3.4) Lemma. If E comes from a representation of G, then there is a canonical isomorphism

H*(I'\ G;E) = H*(g;C°(I'\ G;L) ® E).

Proof. For g € G, left translaton by ¢~ gives a canonical isomorphism T(G)g = T(G); =
g, so an identification

q
1 A1(G; E) = Hom(/\(g), C*(G; E)) = Ci(g,C*(G; E)).

For some w € AT(G;E) and y € A7g, w(v-d,u) = p(y) - w(g,y), so w can be identified
with an element of Hom(A7 g, [*(E)). This gives an isomorphism

12 AY(G;E)T = Cl(g; I).
These : commute with the differentials so give rise to

L HY(A(GE)D) = H*(g; I®). 8)
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Now for E a local system, A(G;E)’ = A(I'\ G;E), so the left hand side of (8) is the
cohomology of I' \ G with coefficients in E).

0
If E is the restriction of a representation of G, then C*(G; E) ¥~“ C®(G;E) where

w%(g) = p(g)'w(g) induces an isomorphism of G modules I*(R) = C®(I'\ G;L) ®
E (here the right hand side action is given by the tensor product of the right regular
representation by p).

So there is an isomorphism

A(GE)N 5 C*(g;C*(I'\G;L) ® E)

and so
H*(I'\ G;E) = H*(g;C*(I'\G;L) ® E).

(3.5) Lemma. There is an isomorphism

H*(I;E) &2 H*(g,K; I*(E)).

Proof. Let 7 : G — X = G/K be the canonical projection. Consider {7 : A(X; E)l <=7,

A(G;E)!. ' commutes with graded left translations, so it does indeed land in A(G;E)".
Let Ag be its image.

7 is constant on the left K-cosets so Ag consists of elements of A(G;E)! right invariant
under K and annihilated by interior products i, for x € &.

Therefore : o 77 induces an isomorphism

A(XE)" =2 C*(g, K I™(E))

and the result follows. O

Assume now that E is a unitary I'-module with scalar product (, ) and L = C.

If u,v € I®°(E), then (u(y-x),v(y-x))g = (u(x),v(x))g := fupo(x,y) forx € G,y € I'. So
fup is a function on I' \ G, so we can define a global scalar product (u,v) by integrating it over
I'\ G. Completing I*°(E) under this gives the space I;(E) of square integrable cross-sections!
of the bundle G X E — I'\ G (where G x E = G x E/ ~ where (g,e) ~ (v-g,p(7)e) for
y€eTI).

I>(E) is a unitary G-module with respect to right translations.

(3.6) Remark. (I;(E))® = I*(E) topologically. Fill this in

1Explicitly, to define the local system V attached to V, define the sheaf over U tobe G(U) = {k: U — V| f(v - x) =
- f(x)¥y € I'} where U is the lift of U to G. Then for any x € X and U connected open containing it, the map

Ggu er—Jr(x)> V is an isomorphism. The same holds for any open connected U’ C U, so G|y = Ej; and so it is locally

constant, i.e. a local system. Conversely, given a locally constant sheaf, any path p : [0,1] — X determines a bijection
Fu(0) = Fp(1) and this allows us to define an invertible linear map o(p) : F,) — F(1)- We can show p is homotopy
invariant so p : 711 (X) — GL(F)y,. These correspondences in fact give us an equivalence of categories between local

systems and representations of I'.
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(3.7) Fact (Gelfand and Piatetski-Shapiro). I;(E) decomposes into a discrete Hilbert direct sum
of irreducible G-modules of finite multiplicities

L(E) =, _sm(m I, E)Hy
where m(m,I',E) € N.
This imples that .
I®(E) = <éneém(n,F,E)Hn> :

(3.8) Lemma. Let T be a countable set of irreducible unitary representations H, of G, and V
the Hilbert direct sum of the H,’s. Assume the H*(g,K; Hy) = (r, Hz) =0 for all 7 € T and
that H*(g, K; V) is finite dimensional. Then H*(g, K; V*°) = 0.

Proof. Let C*(V) = C*(g,K; V®), a topological direct sum of finitely many copies of V.
We can show that d : C171(V®) — C1(V*) is continuous, so Z9 = C1(V®) Nkerd is
closed. There is an exact sequence

0 — dC171(V®) — z7 — H1(C*(V*®)) — 0.

Since H*(C*(V®)) is finite dimensional, dC7~1(V*) has finite codimension in Z4 so has
closed complement. As they are Fréchet spaces, dC7~1(V*) is closed.
If S C T is finite, let prg : V° : @, crHY — @ esHy be the projection with kernel

—_— [e)
(@neT, 5Hn> . This defines another projection

prs: C (V%) — @ Cx

mTeS

with kernel C* ((@nGTHﬂ) oo). It then follows from the definition of the topology on
C*(V®) that x € C*(V*) is limg_, 1 prg x.

Let z € Z19. By assumption, prg z is a coboundary for every finite S. Since z is the limit
of prgz, it is in the closure of dC7~!(V*°) which is a closed space, so z € dC1~1 (V> and
we are done. O

(3.9) Theorem. We have

H*(I',E) = @ m(r,T,E)H*(9,K; Hyp).
neCG

This sum is finite and may be restricted to 77 € G with trivial infinitesimal and central
characters.

Proof. We have

H*(I;E) = H*(g,K; (@neém(n, F,E)Hﬂ>m).
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Forneé,qe]N,let

c:=@ch.
q

Let S C G be finite and put

Cy=C"|oK | & m(n T, E)Hy .
neG-S§

Then C*(g, K; I*®(E)) = C§ @ Cg,, and hence

H*(I',E) = @ m(m, I, E)H" (9, K; Hy) ® H*(C%)
mTeS

The space I \ X is compact and locally contractable (note sure why need locally contract-
ible), and H*(I’; E) is the cohomology of I' \ X with coefficients in a E, dim H*(I;E) is
finite dimensional.

Then there exists a finite set S C G such that H*(C%) = 0 for 7t ¢ S with m(m,I,E) #
0. Given such S, we now must show H*(Cg,) = 0 and we will be done.

H*(CY{) is finite dimensional as it is a direct summand of H*(T,E), so it is enough
to prove that if each (g, K)-cohomology of a countable collection of irreducible unitary
representations of G vanishes, then the cohomology of its direct sum vanishes also. So
the result follows from the previous lemma.

Finally, by (2.11) we can restrict to 77 € G with trivial infinitesimal and central charac-
ters. O

Now using (2.4):
(3.10) Corollary. Suppose G is reductive. Then

q
HY(T,E) = ) m(7t, T, E)Hom(\(g/¢), Hr,)

TEG,Xn=X0,Wr=wWo

In the case that I' is also a cocompact subgroup and E a finite dimensional G-module, we
also have direct sum decompositions with finite multiplicities

L*(r\G) =@, _sm(m,I)Hx
and

C®(I'\G) = (L3(I'\ G))® = (éﬂeém(mI’)Hn>oo

and moreover,

I®(E) = (@neém(n,F)Hn)oo ®E.

So then it follows that
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(3.11) Theorem.
H*(I;E) = € m(7, I)H* (g, K; Hr o ® E).
neG

So now, we see that it is of interest to study the cohomology groups H*(g,K; Hy ® V). In
the next section, we show that they vanish outside of a certain range and give a formula for
their dimension.

(3.12) Remark. Using Matsushima’s formula, we can split according to the isomorphism class
of 1. Vogan and Zuckerman ([6]) classified the representations with non-vanishing (g, K)-
cohomology and they are indexed by 0-stable parabolic subgroups so we can write

H(T,C) = @ HY(I,C),.
p

Then the tempered cohomology HY(I" ,C)temp described in (1.33) corresponds to minimal p
and the invariant to maximal p.

4 Cohomology of induced representations

We will now prove a theorem giving the dimension of H(g, K; F ® I) for G connected and re-
ductive, F a finite dimensional representation, and I the K-finite vectors of an induced repres-
entation of a parabolic subgroup of G. This allows us to completely determine H7(g, K; F® I)
in the case that V is tempered.

We start by defining induced representations and prove a version of Shapiro’s lemma:

H(g,K;I® Fy) = H(p,Kp; Hy,y ® Fy)

where Hyy = Hy ® CPP+V.
The existence of a Hochschild-Serre spectral sequence

EN":= HP(m,Kp; H1(n; Fy) ® Hyy) = HP M (p,Kp; Hey @ Fy)

reduces the problem to understanding the (m, Kp)-representations HY(n; F) ). However, a the-
orem of B.Konstant allows us to replace these by & Ls, where Ls = Eg(,,,)_, are irreducible
representations of M with highest weight s(p + A) — p and the sum is over representatives of
the quotient of Weyl groups Wy \ Wg of length I(s) = g.

Using this, we then prove that

HIO) (g, K1 @ Fy) = (H* (Om, Kp; Ho @ E(gp 1)) © A\ 0.

Now we already proven that the righthand side is concentrated in degree q(°M) and is
1-dimensional. Also dim(ag) = lo, so

9—-q4(°M)
HIHO) (g, K; 1@ F)) = N ad.

It is then left to prove that I(s) = dimTN and o(G) = q(°M) + di%N, which shows that the
dimension only vanishes for q ¢ [g0,q0 + lo]-
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4.1 Induced representations and their K-finite vectors

In this section we show how to, given a differentiable admissible representation of M into a
Hilbert space, induce the underlying (m, Kp)-module Hy of Kp-finite vectors to a (g, K)-module
I(Hp). We will then prove a version of Shapiro’s lemma, that H*(p, Kp; Hy) — H*(g,K; I(Hp)),
by constructing an isomorphism between the corresponding complexes.

(4.1) Definition. Let R be a closed subgroup of a Lie group Q and let (77, V) be a differen-
tiable R-module. Then we can define the representation of V induced to Q, a differentiable
representation of Q

IdR(V) = {f € C*(Q;V) | f(r-q) = n(r) - f(q) Vg € Q, 7 € R}
where Q acts by right translations (g1 - f)(q2) = f(9291)-

(4.2) Remark. If (7,U) is a finite dimensional continuous representation of Q, then there is a
canonical isomorphism

:Ind¥(Veu) S (ndd(V) o Uu
¢ () =t(a) " f(g).

Let (P, A) be a semi-standard parabolic p-pair in G, P = MN the standard Levi decompos-
ition, Kp = KN P a maximal compact sugbgroup of P contained in M.
Let (0, H) be a differentiable admissible representation of M into a Hilbert space H and let
Hy be the (m, Kp)-module of Kp-finite vectors in H. We can view H as a P-module where N
acts trivially. Assume that ¢ has a central character.
Write
I(c) = Ind$ (H).

The idea of this section is to give a version of Shapiro’s lemma (a generalisation of Frobenius
reciprocity) for (g, K)-modules.
Let V be an (m, Kp)-module. We wish to induce it to a (g, K)-module. Let

Up := Homyy(,) (U(g), V) = {f : U(g) = V| f(pg) = pf(8)Vp € P,g € G}

is a U(g)-module under right multiplication.
Further, let

U := {f € Up| f is t-finite and U () f is a completely reducible ¢-module}.

Let K denote the simply connected covering group of K. Then since Uj is a direct sum of
irreducible representations of £, and as K is simply connected, we can uniquely lift this to a
K-module structure on U such that the differential of the representation agrees with the given
action of &.

Let Z = ker p where p : K — K is the covering morphism. Then Z C Kp = KN p~!(P) as
1eP.

Let

U:={f el |(mf)(x)=p(m)-f(Ad(m) 'x)Vm € Kp,x € g}.
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We wish to show that U is a (g, K)-module. If x,y € U(g), m € Kp and f € U, then

m(yf)(x) = (Ad(m)y)(mf)(x)
= mf(x Ad(m)y)
= p(m) - f(Ad(m) " (x Ad(m)y)) asfeU
= p(m) - f((Ad(m)'x)y) asm™ ! (xmym™")m = (m~ xm)y
= p(m) - yf(Ad(m)""x)

so yf € U. So U is g-invariant. U is also a K-invariant subspace of Uj.
Z acts by the identity on U so the action of K on U pushes down to K and hence U is a
(g, K)-module.

(4.3) Definition. We will use the notation Indéﬁ'g) (V) for U constructed as above and call it

the (g, K)-module parabolically induced from V. If g, K, P are understood, we use the notation

— Tnd (8K
(V) := Ind(p,KP)
(4.4) Proposition. Let (0, H) be a differentiable admissible representation of M and let Hy be
the underlying (m, Kp)-module.
Let

(V) = U.

T : I(H) — Homy ) (U(g), Ho)
Tf(x) =xf(1) for f e I(H),x e U(g).

If Iy is the space of K-finite vectors in I(H), then T(Iy) = I(Hp) and T : Iy — I(Hp) defines an
isomorphism of (g, K)-modules.

Proof. Let x,y € U(g), f € I(H). Then

y-Tf(x) =Tf(xy)
= xyf(1)
=yf(x)
= T(yf)(x)

so T commutes with U(g). Let p € p, x € U(g). Then
(Tf)(px) = pxf(1)
= %xf(exp(tp)hzo
jt (exp(tp)) - xf (1)]1=o
a(p) - Tf(x).

This extends to p € U(p) and shows that InT C Uy, so it is in U also. Since it is
ag-morphism, T is a (g, K)-morphism Iy — U;.
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We want to show now that ImT C U. Let f € Iy, x € g, m € Kp. Then

(m - TF)(x) = Tymf)(x)
= x- (mf)(1)

d
= S0m) (exp(tx))] o
For y € G, we have

(mf)(y)

fym)
f(mm™ym)
o(m)- f(m™ym)

so for x € g,

T f)exp(t)lizo = Sam) - f(Adm ™ exp(tx))]ico
= (om) - (Adm™)(x) - £)(1).
Soform € Ky, x € g, f € Iy,
WTf(x) = olm) - f(Ad ().

This extends to x € U(g) so Tf € U.

If Tf =0, then xf(1) = 0 for all x € U(g). But f is K-finite by the definition of Iy and
they are 3(g)-finite so are analytic, so this implies that f = 0 so T is injective.

To show surjectivity, we wish to construct an inverse to T. Let f € U and for k € K
define

We have

Therefore we may extend Sf to G = PK by defining

$f(p-k):=c(p)-Sf(k)

forpe P, ke K.
It is clear that Sf is K-finite so Im S C Ij. Further by the definition of S, for y € U(¢),
feld,
y-Sf1) =fy) ©)

since the K-action of U is obtained by integrating right translations.
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To prove surjectivity, it suffices to prove that T - S = Id.
For x € U(p), y € U(t), by (9)

TSf(xy) = o(x)TSf(y)
o(x)-y(S£)(1)
(%)
(

o(x)f(y)
f(xy)

which proves the result as U(g) = U(p) - U(¥). O

(4.5) Proposition. Let Hy be as in the previous theorem as let V be a (g, K)-module. There are
canonical isomorphisms

1. Homy, ,, (V, Hy) — Homg x(V, I(Hp));

2. H*(p,Kp; Hy) = H*(g,K; I(Hy)).

Proof. Let U = I(Hy).

1. Let f € Homg g (V,U). Let Tf : V. — U be defined by Tf(v) = f(v)(1). Then given
g € Homy k,,(V, Hp) define Sg : V. — Hom(U(g), Hy) by

58(v)(r) = g(r-v)

forveV,re U(g).

We can check as before that TS = Id, Im S C Homy x(V,U), Im T C Hom,, g, (V, Hp)
and that T is injective which proves the (1).

2. The left hand size is the cohomology of the complex C* where

i

C' = Homg k (U(g) @ye) /\(8/8), U)

and the right hand side is the cohomology of the complex D* for

i
D' = Homy, g, (U(p) @yce,) /\(p/tp),
By (1), we have

C' = Homy, k, (U(g) @y(e) \(8/¢), Ho).

Notg = €t+p, sop/tp = g/¢ U(g) = U(p) - U(E). This means that there exists a
subspace Q of U(p stable under the adjoint representation restricted to Kp, such that
U(p) = Q ® U(t).We have vector space isomorphisms

U(g) = Qe U(¥)
U(p) = Qe U(tp).
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It follows that the natural map

U(p) @uep) \(p/tp) = Ula) @ue) \(0/8)

induced by inclusions is an isomorphism of (p, Kp)-modules. This gives us an iso-
morphism of C* onto D¥, so their cohomology groups are the same.

O

4.2 Cohomology with respect to principal series representations

Now fix a standard p-pair (P, A) of G with standard Levi decomposition P = MN.

Let (0, H) be a differentiable admissible Fréchet “M-module (i.e. °M is a complete Haus-
dorff metrizable locally convex C-algebra and "M x X — X is continuous) with infinitesimal
character x,-

For p € b7, let E;, denote the irreducible M.-module with extreme weight y.

Letv € a.

Let I = Ip,, be as in (1.36) and notice that, where C denotes C acted on by A via u € af,

Ipgy = Indg(H0'®C‘0p+l/)
={f €C(GHy ®Cpp1v) | f(p-g) = (e @ (op +v)|a)(p) - f(g) VP € P,g € G}.

It is an admissible finitely generated Fréhet G-module with infinitesimal character x4, if
Ag € b} is such that x, = x,, (this follows as if (71, V) is an irreducible admissible representa-
tion with infinitesimal character x of a linear reductive group of connected type, if V is finite
dimensional with highest weight 1, then x» = Xxy+p)-

(4.6) Theorem (Konstant’s Theorem). There is an isomorphism of "M modules

H (nPr F)\) = @ Es(er)\)fp/
seWP I(s)=j

a multiplicity free decomposition as an M.-module..

(4.7) Theorem. Let L be a compact Lie group such that [ contains an ideal isomorphic to ¢
and L with corresponding analytic subgroup K. Let Cy ¢ ; be the category of (g, £, K)-modules
(V is a (g,K)-module with an action of L such that V is locally finite and semisimmple and
x(u-v) =x(u)- x(v) forx € L,u € U(g),v € V and any finite dimensional K-stable subspace
M of V is stable under £ and the differential coincides with the ¢-action) (page 19).

Let n be an ideal in g stable under L, ¢; = ¢Nn, K; a closed normal subgroup of L with
Lie algebra £, and V € Cg¢1 (- Then there exists a spectral sequence which converges to
H*(g,& V) in which

ENT = HP(g/n,¢/€; H(n, &;V))

and a spectral sequence which converges to H* (g,K; V) and in which
EY" = HP(g/n,L/Ky, HT(n,Ky; V)

for p,q € Z.

36



We wish to prove the following;:

(4.8) Theorem. Let h} be a dominant weight and F) a simple G.-module with highest weight
A

(i) If H*(g,K; I ® Fy) # 0, then there exists s € W such that
@) s(p+A)a+v=0,
(2) Xo = X—s(p+)lo.-
Such an s is unique.

(i) If s € WP satisfied (1) and (2), then, for every g € IN, we have
HIMC) (g, K;1© Fy) = (H* ("m, Kp; Hoe © E(s(p4.0)p)) @ A ). ®)

(4.9) Remark. Conditions (1) and (2) are equivalent to —(p + A) € W(Ao +v), and (1) implies
that v is real valued.

(4.10) Remark. In (3), Es(y1))_p) is viewed as a 9M-module by restriction and, since M =°
M x A with A a commutative group, Eg,, ), is an irreducible OM-module. Its restriction

to MY is a multiple of the irreducible representation with highest weight (s(o +A) — p)|b; =
s(o+A)[bc — poy-

Proof. (4.2) implies that

[®Fy = Ind§ (Hy ® Cppiv) @ Fy
= Ind§ (Fy ® He @ Cyap).

H*(g,& V() = H'(g,& V) for V a g-module (as C*(g, & V(y)) = C*(g,8V)), so we can
replace a differentiable module by its space of K-finite vectors when computing cohomo-

log}"I’here is a theorem from section 2 stating that for W a differentiable admissible repres-
entation of M with W Hilbert, and Wj the (m, Kp)-module of Kp-finite vectors in W:
H* (g, K; 1(Wo)) = H"(p, Kp; Wo).
Then
H*(g,K;I® Fy) = H*(p,Kp; FA ® Hy @ Cy1p).
By definition, n acts trivially on Hy ® Cy+p, so by the Kunneth rule

H*(H;F)\ ® Hy ®Cp+v) = H*(H;F)\) ® Hy ®Cp+v~

Now we apply (4.7) with g = p,L = Kp,K; = {1},V = Fy ® Hy ® Cp4y to get a spectral
sequence (E,) converging to H* (p, Kp; Fy ® Hy ® Cp4y) and in which

E}T = HP(p/n,Kp/{1}; H(n, {1}; F\ @ Hy ® Cpv))
= HP(m,Kp; H1(n; F)) ® Hr @ Cp1v).
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By Konstant’s Theorem,
H7(n;Fy) = @ Ls
SEWP I(s)=q
where L; = ES(AJFP)_p.
This implies that

Eé’f‘i - EB HP(m,Kp; Ls ® Hy ® Cp1v)).
seWP I(s)=q

Since M = "M x A, the M-module L may be viewed as a tensor product of an irreducible
9M-module by the one-dimensional A-module Csp+1)—p)
Let

la

vs =s(p+A)[a—platppt+v
=s(p+A)|a+v

since p|4 = pp as (P, A) is standard.
Using the Kunneth rule and the fact that H7(g, K; V) = H(g, ¢; V)K/KO, we get

H*(m,Kp; Ls ® Hy ® Cy,) = H* (m, ¥p; Ls ® Hy ® Cy,, K2/ K?
= H*(m,Kp; Ly ® HU)KP/K?? ® H*(a,Cy,)
= H*(“m,Kp; Ls ® Hy) ® H*(a,Cy,).

It is a fact that if U,V are (g, ¢)-modules with x; # xv, then Ext(U, V) = 0 for all
g, and H(g,U ® V) = 0 in the case that U is finite dimensional and x # xv (U is the
contragradiant module, the space of K-finite vectors in the dual U’).

This imples that if vs # 0, then H*(a;C,,) = 0. Therefore E; = 0 and we have
completed the proof of (1).

Now suppose that vs = 0. Then

H*(a,Cy,) = Ad’
and we have
H*(m,Kp; Ls ® Hy ® C,,) = H*("m, Kp; Ls ® Hy) ® Aa’.

It is also a fact that for U, V (g, K)-modules, xi; # xv implies Extg x (U, V) = 0, and if
U is finite dimensional, x;; # xv imples HI(g, ;U ® V) = 0.

This implies that H* (“m,Kp; Ls ® Hy) = 0 if xo # Xr- Since the highest weight of Ls
is (s(0 +A) = p)|o. and plo, = poy, the infinitesimal character of Ls is x_(s(r+))

This proves (2).

These conditions determine s(p + A) uniquely; but p + A is regular, so they fix s € W
also, and the uniqueness assertion in (a) follows as b} = a} + b.

Now let s € WP satisfy (1) and (2).

We have

|bc'

H*(m,Kp; L ® Hr ® Cp12) =0
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for t € WP with t # s by uniqueness.
This implies that
pa _
Ey" =0

if g #1(s).

Further, we have shown
EP'®) = (H*(“m, Kp; Ls ® Hy) ® Aa})?
which shows that the spectral sequence (E,) degenerates (Ec = Ep) and we have
Hi(g,K;1® Fy) = ES /16,
which implies
HIE) (g, K; 10 F) = EJ'®) = (H* ("m, Kpi He © Eqs(p40) )

which proves (3).

4.3 Fundamental parabolic subgroups

Let L be a reductive group of connected type (AdL C Adg.). Let L; be the greatest normal
semisimple group of L.

(4.11) Definition. A Cartan subgroup C of L is fundamental iff it contains a maximal torus in
L. The fundamental Cartan subgroups of L form a conjugacy class.

A parabolic subgroup P of L is fundamental if it is minimal among those containing a
fundamental Cartan subgroup. Equivalently, if P N L; is fundamental in L;.

These parabolic subgroups form a class of associated parabolic subgroups: if C is a funda-
mental Cartan subgroup of L° and Cg is the greatest connected IR-split subgroup, then Z;o (Cg)
is a Levi subgroup of P for all fundamental parabolic subgroups of L° containing C.

In particular, prk P is equal to rk L — rk Q where Q is a maximal compact subgroup of L. If
rkL =rkQ (i.e. L has a discrete series), L is its own fundamental subgroup.

(P, A) is cuspidal if °Mp has a compact Cartan subgroup. If so, the center of "Mp is compact.
A fundamental parabolic subgroup if cuspidal.

(4.12) Proposition. Let j be a f-stable Cartan subalgebra of g with associated | < G Cartan
subgroup. If j is fundamentral, then | is connected and abelian.

Proof. To say that j is fundamental is to say that (gc,jc) admits no real root (i.e. (gc,jc)
admits no real root) which entails that j; is maximal abelian in € and so iy = ip + ¢ is
maximal abelian in £ — therefore Jx = | N K is a maximal torus in K. Notice | = Jx], for
Jo =exp(inp) = exp(€p). Let Z(J,) denote the set of j € Jx such that ic(j) € exp(v/—1jp)
for every complexification G of G. It is a fact that Jx = Z(J,)Jx. As the elements of
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Jx = JNK all commute with the elements of Jx, Jx = Ji, it follows that the Cartan
subgroups are equal. O

(4.13) Remark. If t is a Cartan subalgebra of ¢ and 3(t) is the centralizer of t in g, then 3(t) is a
f-stable Cartan subalgebra of g.

(4.14) Lemma. Let (P, A) be a cuspidal p-pair in G, M = Z(A), N = R,P.

1.

If P is fundamental, then all root spaces in n are even dimensional. In particular, dimn
is even. Moreover

dimn > max(2dim A, 2rk K).

If P is not fundamental, then the Cartan subalgebras of m, are singular in g, (this might
mean killing form is degenerate (Cartan’s Criterion does not hold)).

Proof.

1. Let P be fundamental and let S be a maximal torus of M. Then S is also a
Cartan subgroup in a maximal compact subgroup of G; hence it contains elements
which are regular in g, (elements with centralizer of smallest possible dimension)
by (4.13), and the Cartan subgroup S - A is the centralizer of some element in S.

In particular the representation of S in n given by the adjoint representation does
not contain a trivial representation. Therefore it is a sum of two-dimensional real
irreducible representations (C[G] = R[G] + iR[G] so every irreducible real repres-
entation appears in the restriction of an irreducible complex representation, which
is 1-dimensional over C for G abelian, so 2-dimensional over R).

Since S leaves all root spaces stable, this proves (1) and also shows that dimn >
2dimS = 2-rkK. Since A acts faithfully on n, there are at least dim A linearly
independent roots, hence dimn > 2dim A.

. Assume P is not fundamental. Let T be a maximal torus of G containing S. Then

T C Z(S)and T # S. The group R = Z(S)/S is reductive. The group A maps
isomorphically onto the identity component of a Cartan subgroup of R and is R-
split. But R contains a nontrivial torus T/S and hence its Cartan subgroups are
not all conjugate to each other. This means that R is not commutative and so Z(S)
has a nontrivial semisimple subgroup. But then s is singular. Since s. is a Cartan
subgroup of “m,, this proves (2).

O

Let L be a Lie group with finitely many connected components and maximal compact sub-
group Q. Put

2g(L) := dim L — dim Q.

Assume [ is reductive. Then let

Io(L) =rkL—1kQ
2q0(L) = 2q(L) — Io(L).

Since the rank and dimension of a reductive Lie algebra are congruent mod 2, g9 € Z.
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(4.15) Lemma. Let L be reductive with compact center. Then qo(L) > rkg L and go(L) +1p(L) <
2g(L) — rkg L.

Proof. We can assume the L is connected. Let L = L'S with S central compact, L’
semisimple. L' N S finite.

g0, lo, TkR, g are the same for L and L’ so we reduce to the case that L is connected and
semisimple. We write L = G as passing to finite covering leaves constants invariant.

The set A has dim Aj elements, hence dim Ny > dim Ap. By the Iwasawa decompos-
ition G = KAgNyp, we have

29(G) = dim Ap + dim Ny + dim K — dim K = dim Ay + dim Ny > 2dim Ay = 2rkR G.
(10)
This proves the lemma when [p(G) = 0.
Let (P, A) be a standard fundamental p-pair of G, P = MN Levi decomposition, S
maximal torus in M. "M has compact center; hence (10) also yields

q(°M) > rkg (°M). (11)

We have
q(°M) > rkg ("M). (12)

We have

rkr G = rkg (°M) + dim A,
dim A = Iy(G).

As P is standard, the Iwasawa decomposition G = KAyNy induces one on M, so

29(G) = 2q(°M) + dim N + dim A = 2¢(°M) 4 dim N + [y(G), (13)
290(G) = 2q(°M) 4 dim N. (14)

Using (11), (4.14), and (12), we get
70(G) > rkg (°M) + (dim N) /2 > rkg (M) 4 dim A = rkg G. (15)
On the other hand, by (13) and (14), we get
29(G) — rkr G = 29(°M) + dim N — rkg (°M) = 240(G) — rkg (°M)
and then (15) yields

2q(G) —1kr G > qO(G) +1kr G — I'k]R(OM) = L]O(G) + ZO(G)

(4.16) Lemma. Let L be a reductive group with identity component with compact center.

1. q(L) = rkp L iff the non-compact normal subgroups of L? are of type SL,(RR).
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2. go(L) = rkp L iff every non-compact simple factor of L is of type SLy(IR), SL,(C) or
SL3(R).

Proof. We can reduce to the case L is connected, simple, noncompact. Fix a minimal p-pair
(Po, Ap) and let Py = MyNj be the standard Levi decomposition of P.

1. By (1) in the previous lemma, (L) = rkg L is equivalent to
dim N() = I‘k]R L =dim Ao.

Since L is simple, and dim Ny > Cardg @, this is possible only if dim Ay = 1.
Also rkL = 1 as any maximal torus of My acts trivially on the one dimensional
space Ny, so is reduced to {1}. Then L is locally isomorphic to SL;(RR) (have the
same Lie algebras). The converse is clear.

2. Letq(L) # qo(L) and qo(L) = rkr G. Let (P, A) be a standard fundamental p-pair.

P is cuspidal, hence q(°M) = qo(°M). By (14), the previous lemma, and (4.14),

go(L) = q(OM) + (dim N) /2
q(°M) > rkg (M) (16)
dim N > 2dim A. 17)

By (15)

qo(L) =tk L < q(°M) = rkg("M)
dim N = 2dim A.

By part (1), (17) is equivalent to M having all of its noncompact simples factors of
type SL(R). In view of (4.14), (16) yields

(P, A) = AP, A). (18)

Now assume L is absolutely simple (no proper nontrivial series subgroups (H < G
with a chain of subgroups from H to G such that each consective pair of subgroups
is normal)). Then (18) implies by standard facts about roots that dim A = 1, so by
(4.14), rk(°M) < 1. If tk(°M) = 0, then L is of type SL»(RR), and (L) = go(L), in
contradiction to our assumption. Hence rk(°M) = 1, so rk L = 2.

The representation of "MV is either a circle group or locally adjoint with finite kernel.
In the former case, no root of L restricts to zero on a and @(P, A) has at least two
elements. Therefore "M is of type SLy(R).

We have a semidirect product decomposition Ny = N(°M N Np) where dim(°M N
Np) = 1, hence dim Ny = 3. From this it follows that L is locally isomorphic to
SL3(R).

Finally, suppose L is not absolutely simple. Then there exists an absolutely simple
complex group R such that L is R as a real Lie group. In this case, &(P, A) may be

42



viewed as the set of positive roots in @(R). Then (18) shows that R has rank 1; i.e.
R is locally isomorphic to SL;(C).

O

4.4

Tempered Representations

(4.17) Theorem. Let (P, A) be a standard cuspidal p-pair of G and (¢, Hy) a discrete series
representation of M, and let v € a} be purely imaginary. Let I = Ip, , be as before.

Assume that H* (g, K; I ® F) # 0. Then
o V=0

e P is fundamental;

dim H(g, K;1© Fy) = (,1 ) for g € N, g0 = 0(G), lo = 1o(G);

H1(g,K;I® Fy) = 0forq & [q0,q9 +lo];

I(s) = (dim N)/2 for s the unique element from before.

Proof. By (4.8), the nonvanishing of cohomology implies that v is real, so v = 0 as it is
totally imaginary.
Then by (4.8)(1), s(0p +A)|a = 0,s0s(p+ A) € bl. Since s(p + A) is regular (a weight

7 is regular if (7, ) > 0 for all & € A), it follows that b} is not orthogonal to any root, or
equivalently, b contains regular elements of g..

Then (4.14)(2) shows that P is fundamental (as otherwise the Cartan subalgebra b of
m, would be singular in g but the killing form must be nondegenerate if each element
is regular so this is not the case). Then

0

dim A = prk P = [p(G) = rk G — rkK. (19)

We will now use (4.8)(3), writing Ls = Eg(p; 1) -
We have assumed that o belongs to a discrete series of M. Exto, ¢, (L3, H) = H (Om, £p; Ly
H) so by (2.14) and by (2.15), Extém(Lg‘,H) =0 for i # (dim® M/K)/2 = q(°M) and has
dimension 1 at g(°M) as it is nonzero.
Then

HIYC) (g, K; 10 Fy) = (H' (“m,Kp; H® Ey(pia)-p) © \a2)'
j
e /\Cl;k

for j =g —q(°M).
This implies that

diqu(g,K;I®FA):< o )
q—40
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In particular the highest and lowest dimensions such that the LHS is nonzero are
g(O°M) +1(s) and g(°M) + I(s) + Ip(G).

The representation I is unitary since ¢ is, and v is purely imaginary. All irreducible
unitary representations are admissible (admissible meaning restriction to K is unitary
and each irreducible unitary representation of K occurs in it with finite multiplicity).
Therefore H*(g,K; I ® F)) satisfies Poincare dualty (H(g, V) = HZq(G)*q(g, £ V) so
9(OM) + 1(s) = 29(G) — (g(°M) +1(s) +o(G)) so

29(°M) +21(S) +1o(G) = 24(G)
Then (19) and the fact that 29(G) = 29(°M) + dim N + dim A, we have
dim N = 2I(s)

so I(s) = dim N/2.

(4.18) Example. A simple example is that if we let F be an imaginary quadratic field,
G = Rr,qSLy, the restriction of scalars of SL, from F to Q, then we have F x R = C, so
G = SL,(C), K = SU(2), Ag = {1}, and G/K = 3 for b3 three dimensional hyperbolic
space. Then

2g =dim$3 =3
lp = rkSL,(C) —rkSU(2) =2 -1 =1
2q0:2q—10:3—1:2

SO

g—1 0 otherwise.

diqu(stz(C),SU(z);I®F):< 1 >:{1 ifg=12

(4.19) Remark. It is a fact that linear reductive G has a discrete series representation if and
only if tk G = rk K, that is, [ = 0.

(4.20) Corollary.
1. H1(g,K;I® Fy) =01if ¢ < rkr G or ¢ > 29(G) — rkgr G.

2. If H(g,K;I® Fy) # 0 for ¢ = rkr G, then each compact factor of G is isomorphic to
SL,(R), SL,(C), or SL3(R).

3. Let (71, V) be an irreducible tempered (g, K)-module. Then H*(g,K;V® F,) = 0if q ¢
[90(G), 90(G) + 1o(G)]-

If V is not a fundamental principal series representation, then H*(g, K; V ® V) = 0.
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Proof.
1. This follows immediately from (4.15).
2. This follows from (4.16).

3. If V is irreducible tempered, then it is a direct summand of some I = Ip,, with
o,v having the desired properties. Then H(g,K;V ® F)) is a direct summand of
H*(g,K; I ® Fy and the result follows.

O

5 Venkatesh’s conjecture

For this section we used a survey of [5] and also notes on the work of Venkatesh from The
London Number Theory Study Group available on Ashwin lyengar’s website.
Now we have that

dim H{S (T, C) = (l;) dim H{S,
and this same inequality continuous even just considering the A-eigenspaces of a given Hecke
operator T. So the spectrum of the Hecke algebra T acting on the tempered cohomology is
degenerate (the same eigenvalues occur in different degrees) so we may look for any extra
symmetries to explain this degeneracy, such as T-invariant endomorphisms ermp(l" ,Q) —
ngemp (F ’ Q)

Reformulated, we want to construct a natural Q-vector space V of dimension /y and con-
sFruct a natural action of A7V on themp(l" ,Q) over which themp is freely generated of dimen-
sion 4.

The reason we can’t adapt our proofs from before to construct this is that they use dif-
ferential forms and work only with complex coefficients. It is hard to produce natural T-
endomorphisms of cohomology with Q-coefficients which change the degree. For example,
in many cases H'(I',Q) = 0 so we wouldn’t be able to shift the degree by 1 by using a cup
product with an element of it.

(5.1) Conjecture. V in the above is the Q-linear dual of the motivic cohomology group of the
Q-motive attached to the adjoint L-function. Moreover, one can explicitly construct the action
of V®Qp or V& C on cohomology with Q, or C-coefficents.

To suggest how one could produce the extra endomorphisms for complex cohomology, let
G be a real reductive algebraic group, I' < G. Then a; is a lp-dimensional complex vector
space and we can construct, using explicit constructions with differential forms, an action of
ATag on ermp(F,C) (see [6]).

Could put in constructing endomorphisms for Q, with derived Hecke operators.

For simplicity assume that G is simply connected and split. It has an associated Langlands
group G, which we can regard as a split algebraic group over Q. To define this group, we
consider the root datum of G. That is, (X*,®, X, ®") where X* is the lattice of characters
of the maximal torus (T — Gy,), X, is the dual lattice (G, — T), and @ is the set of roots
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apearing in the representation of T on g, and ®" the corresponding coroots. A connected split
reductive algebraic group is uniquely determined by its root datum and conversely, for any
root datum there is a corresponding connective reductive group. We then define the Langlands
dual group to be the connected reductive group with root datum (X,, ¥, X*, ®).

Fix some algebraic closure Q. It is conjectured in [2] that there is a Galois representation

pr:Gal(Q/Q) — G(Q))

categorised by a compatibility between its values at Frobenius elements and the eigenvalues of
Hecke operators. We want to construct a linear representation of Gal(Q/Q) from this. To do
this, compose it with the representation of G given by the conjugation action of G on its dual
Lie algebra Ad : G — GL(§*). As G is semisimple, the Killing form identifies ¢ with ¢*. So we
get

Gal(Q/Q) 22%% GLy(Q))

where d = dim ¢ = dim G. Denote it by Ad pr, the co-adjoint Galois representation attached
to 7t. We know that this p exists in most cases.

Now in this situation the Langlands program predicts that p, is also motivic and ideally
there is a motive M,; of weight 0 and dimension dim G such that the action of the Galois group
on the étale cohomology of M gives a representation isomorphic to Ad p,. This motive would
have the property that L(M,s) = L(Ad, rt, s), the L-function of M coincides with the L-funtion
of the adjoint L-function of 7. Let V := H, (M, Q(1)), which Beilinson’s conjecture relates
to the the L-function L(Ad, 77, 1).

The Langlands conjectures predict that there is a morphism V ® C — a (the Beilinson
regulator), and the p-adic regulator gives a map to Galois cohomology (in the sense of Bloch-
Kato) V — H}(Ad pr(1)). Take the dual of this map and let ag, be the elements of a* mapping
to V*. If, as conjectured, the regulator is an isomorphism, then the following holds

(5.2) Conjecture. Under the action of A7a* on H(I',C), the elements of A7ag preserve
HI(I,Q).

This would mean that the rational structures of motivic and automorphic cohomology
‘line up” which is very interesting as the motivic cohomology group and cohomology group
H9(I',Q) are very different objects and there is otherwise little to suggest why they would
detect each other.
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