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The first section of this project will provide an introduction to classical Hida Theory, proving
some of the main results. In the second section, I shall detail a paper [2] of Emerton’s in which
he reproves these results using tools from representation theory which allows for a more
abstract approach. In the third section, I will present Emerton’s construction of the functor of
ordinary parts which enables us to further generalise the approach from section 2, and I will
derive some properties of it.

1 Hida Theory

Haruzo Hida began to develop his theory of ordinary parts in the 1980’s. It has since grown
and found numerous applications, for instance in proving that ordinary cusp forms occur in
p–adic analytic families in his paper [8] in 1986, and notably in Wiles’ proof [10] of the Iwasawa
main conjecture for totally real fields in 1990.

We are interested whether we can, in some sense, p–adically interpolate the space of mod-
ular forms. More precisely, in the question of whether, given any cusp form of some weight
and level, we can find a family of modular forms containing it that varies p–adic analytically
over weights. Hida gave a partial answer to this question by instead considering the ordinary
parts case.

Hida succeeded in constructing a space so called Λ–adic cusp forms S(N, Λ) such that
each point comes attached to a family of classical forms of levels Npr for r ≥ 1 and of varying
weights. This space is acted on by the Hecke operator Up in a natural way, which allows the
construction of a projector ep = limn→∞ Un!

p . We call this the ordinary projector, with image
the ordinary part of a module.

In this section we will give an introduction to Hida’s work and outline his proofs of the
following two important theorems which illustrate the efficacy of this approach:

(1.1) Theorem. For k ≥ 2, we have

rankZp Sord
k (Γ0(Npr), χω−k; Zp) = rankZp Sord

2 (Γ0(Npr), χω−2; Zp).

(1.2) Theorem. The space Sord(N, Λ) is free of finite rank over Λ, and in fact

rankΛ Sord(χ, Λ) = rankZp Sord
2 (Γ0(Npr), χω−2; Zp).

Finally, there is also the following control theorem which shows that Sk(χ, Λ) is the interpol-
ating space that we wanted:

(1.3) Theorem. For each k ≥ 2, if Pk = (X − (uk − 1)) ⊆ Λ, then evaluation at uk − 1 induces
an isomorphism

Sord(χ, Λ)/Pk
∼−→ Sord

k (Γ0(p), χω−k; Zp).
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1.1 Λ–adic Forms

(1.4) Notation. Let p be an odd prime and let N be an integer coprime to p.
Let Λ = Zp[[X]] be the Iwasawa algebra. Let K be a finite field extension of its quotient

field, and let I denote the integral closure of Λ in K.

• If p = 2, set q = 4;

• If p > 2, set q = p, we will mostly work in the case but everything can be easily general-
ised to the p = 2 case.

Let W = 1 + qZp with topological generator u. There is a decomposition Z×p = (Z/q)× ×
W and, with respect to this, write x = ω(x) × 〈x〉 (so ω : Z×p → (Z/pZ)× is a Dirichlet
character with conductor q, for p odd it is the mod p cyclotomic character).

Additionally, let χζ denote a Dirchlet character of conductor pr associated to ζ ∈ µpr−1 with
p odd (or ζ ∈ µpr−2 for p = 2) defined by mapping the image of u ∈W in (Z/prZ)× to ζ.

(1.5) Definition (I–adic forms). For p odd1, the I–adic form F of tame level N and character
χ : (Z/NpZ)× → C× is a formal q–expansion

F =
∞

∑
n=0

an(F)qn ∈ I[[q]]

such that for all specialisations ν : I → Qp extending the specialisations given by

νk,ζ : Λ→ Qp

X 7→ ζuk − 1

for k > 1 and ζ ∈ µpr−1 with r ≥ 1, the specialised q–expansion

fν = ν(F) =
∞

∑
n=0

ν(an(F))qn ∈ Qp[[q]]

is the image under a fixed embedding Q ↪→ Qp of the q–expansion in Q[[q]] of a classical
modular form of:

• weight k

• level Npr

• character χν = χω−kχζ .

We denote by M(N, χ, I) the I–module of I–adic forms of tame level N and character χ,
the idea being that each M(N, χ, I) is a family of classical modular forms of varying weights
and levels, all with the same residual q–expansion.

Finally we let
M(N, I) :=

⊕
χ

M(N, χ, I)

be the I–module of all I–adic forms.
We will sometimes also refer to these as Λ–adic forms.

1We can give a similar definition for p = 2 with some adjustments.
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(1.6) Definition (Cuspidal I–adic forms). An I–adic form F is cuspidal if each specialisation,
fν, is a cusp form.

We write
S(N, I) =

⊕
χ

S(N, χ, I)

for the I–module of I–adic cusp forms.

1.2 The Ordinary Projector

(1.7) Definition (Λ–adic Hecke algebra). We will denote by hk(Γ, χ, A) the Hecke algebra
corresponding to Sk(Γ, χ, A) (the subalgebra of EndA(Sk(Γ, χ; A)) generated by Un for n ∈N),
and by Hk(Γ, χ, A) the Hecke algebra corresponding to Mk(Γ, χ; A).

Write Hord
k (Γ, χ; A) = eHk(Γ, χ; A) and hord

k (Γ, χ; A) = ehk(Γ, χ; A).
M(N, I) and S(N, I) have actions of the Hecke operators Un for n ∈ N given by the usual

formulas on the coefficients2 and this Hecke action commutes with specialisation. The Λ–
adic Hecke algebra H(N, Λ) is the Λ–subalgebra of EndΛ(M(N, Λ)) generated by these Hecke
operators.

We say that Λ–adic form F is an eigenform if it is an eigenfunction for the Hecke operators.
Equivalently, if each specialisation fν is an eigenform for the Hecke operators.

For Up–eigenvectors, the original notion of being ordinary is that a modular form f is ordinary
if ap( f ) is a p–adic unit, and a Λ–adic form F is ordinary if each fv is ordinary. For example,
the Eisenstein family Eχ is ordinary since Ap,χ(X) = 1.

But under this definition, we have the problem that the sum of ordinary forms is not
necessarily ordinary. Hida rectified this by constructing the ordinary projector.

(1.8) Fact. Let K/Qp be finite. Then for any commutative OK–algebra A of finite rank, and for
any x ∈ A, the limit limn→∞ xn! with respect to the p–adic topology on A exists and gives an
idempotent of A.

(1.9) Definition (The ordinary projector). Let K/Qp(χ) be finite. We define the ordinary pro-
jector e of the Hecke algebra by

e = ep = lim
n→∞

Un!
p .

(1.10) Remark. If f is an eigenform of Up with eigenvalue a,

e f =

{
f if |a|p = 1
0 if |a|p < 1.

(1.11) Definition (Ordinary Λ–adic forms). We define the spaces of ordinary Λ–adic forms as
the images of this idempotent:

Mord(N, I) = eM(N, I)

Sord(N, I) = eS(N, I).
2For F ∈ M(N, Λ) the coefficients of the formal q–expansion for TnF are given by am(Tn F)(X) =

∑b|(m,n) κ(〈b〉)(X)χ(b)b−1amn/b2 (F)(X) where κ(us) = (1 + X)s. Using κ(〈n〉)(uk − 1) = ω(n)−knk , we can show
an(TnF)(uk − 1) = am(TnF(uk − 1)).
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1.3 Hida’s Proof of Weight Independence

The goal of this section is to prove (1.19).

(1.12) Theorem (Eichler-Shimura Isomorphism). Let k ≥ 2 and Γ ≤ SL2(Z) be of finite index.
For fixed z0 ∈ h, we have an isomorphism3

Mk(Γ)⊕ Sk(Γ)
∼−→ H1(Γ, L(k− 2; C))

( f1, f2) 7→
(

γ 7→
∫ γz0

z0

f1(z)(Xz + Y)k−2dz +
∫ γz0

z0

f2(z)(Xz + Y)k−2dz
)

.

(1.13) Definition (Parabolic cohomology). We can define the parabolic cohomology (or cusp
cohomology) to be the kernel of the restriction map

0→ H1
P(Γ, L(k; C))→ H1(Γ, L(k; C))

res−→ ∏
c∈Γ\P1(Q)

H1(StabΓ(c), L(k; C)).

However, the kernel of the composition of the Eichler-Shimura isomorphism with the re-
striction map

Mk(Γ)⊕ Sk(Γ)
∼−→ H1(Γ, L(k− 2; C))

res−→ ∏
c∈Γ\P1(Q))

H1(StabΓ(c), L(k− 2; C))

is Sk(Γ)⊕ Sk(Γ) so, if Γ has finite index, then H1
P(Γ, L(k − 2; C)) ∼= Sk(Γ)⊕ Sk(Γ) as Hecke

modules.

(1.14) Theorem. Let (N, p) = 1. Then rankZp(h
ord
k (Γ1(Npr); Zp)) is bounded independently

of k if k ≥ 2, r ≥ 1.

Proof. Write Γ = Γ1(Npr), n = k− 2.
Let L′ be the image of H1(Γ, L(n; Z)) ↪→ H1(Γ, L(n; R)) and let L = L′ ∩H1

P(Γ, L(n; R)),
a lattice in H1

P(Γ, L(n; R)).
EndZ L is free of finite rank over Z, and hk(Γ; Z) is by definition a subalgebra of

EndZ L. Let Lp = L⊗Z Zp, so hk(Γ; Zp) = hk(Γ; Z)⊗Z Zp is a subalgebra of EndZp(Lp).
Thus hord

k (Γ; Zp) is a subalgebra of EndZp(eLp) and therefore it is enough to prove that
the rank of eLp is bounded independently of n.

We have an exact sequence of Γ–modules

0→ L(n; Z)
p−→ L(n; Z)→ L(n; Z/pZ)→ 0

which yields an exact sequence

H1(Γ, L(n; Z))
p−→ H1(Γ, L(n; Z))→ H1(Γ, L(n; Z/pZ))

so there is an an embedding H1(Γ, L(n; Z))⊗Z Z/pZ ↪→ H1(Γ, L(n; Z/pZ)).
Note that Lp/pLp = L/pL ↪→ L′/pL′, and L′/pL′ is a surjective image of

H1(Γ, L(n; Z))/pH1(Γ, L(n; Z)) = H1(Γ, L(n; Z))⊗Z Z/pZ,

3L(n; A) = Symn(A2) denotes the space of homogeneous degree n polynomials in two variables with coefficients
in A. Γ acts on L(n; A) by γP(X, Y) = P((det(γ)γ−1(X

Y))
t).
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so it is sufficient to show that the dimension of eH1(Γ, L(n; Z/pZ)) is bounded independ-
ently of n.

We shall construct an embedding eH1(Γ, L(n; Z/pZ)) ↪→ eH1(Γ, Z/pZ).

i : L(n; Z/pZ)
P(X,Y) 7→P(1,0)−−−−−−−−→ Z/pZ

is a homomorphism of Γ–modulesa, and composing with 1–cocycles gives a morphism of
cohomology groups

I = i∗ : H1(Γ, L(n; Z/pZ))→ H1(Γ, Z/pZ)

which we will show induces an isomorphism eH1(Γ, L(n; Z/pZ)) ∼= eH1(Γ, Z/pZ).
The short exact sequence of Γ–modules

0→ ker(i)→ L(n; Z/pZ)→ Z/pZ→ 0

gives rise to the long exact sequence

H1(Γ, ker(i))→ H1(Γ, L(n; Z/pZ))
I−→ H1(Γ, Z/pZ)→ H2(Γ, ker(i))→ · · · (1)

If α =

(
1 0
0 p

)
, then det(α)α−1 leaves ker(i) stableb, and hence Up acts naturally on

Hq(Γ, ker(i)). Further, the action of det(α)α−1 on ker(i) is nilpotent and, since ΓαΓ =

qp−1
m=1Γα

(
1 m
0 1

)
, the action of Up on Hq(Γ, ker(i)) is nilpotent for q ≥ 1.

So applying e to (1) gives that eH1(Γ, ker(i)) = eH2(Γ, ker(i)) = 0 and we have that
eH1(Γ, L(n; Z/pZ)) ∼= eH1(Γ, Z/pZ).

So the rank is bounded by the rank of eH1(Γ, Z/pZ) which is independent of n.

aFor P(X, Y) = ∑n
i=0 aiXn−iYi ∈ L(n; A),

(
1 m
0 1

)
P(X, Y) = ∑n

i=0 ai(X − mY)n−iYi and hence((
1 m
0 1

)
P
)
(1, 0) = P(1, 0). But γ ≡

(
1 ∗
0 1

)
mod p for any γ ∈ Γ, so i is a homomorphism.

bIf P(X, Y) = ∑n
i=1 Xn−iYi ∈ ker(i), then det(α)α−1P(X, Y) = ∑n

i=1 piXn−iYi = p(∑n
i=1 pi−1Xn−iYi) ∈ ker(i).

(1.15) Remark. Restriction of Up gives a surjective homomorphism Hk(Γ1(N); A)→ Hk(Γ0(N); A),
so the boundedness of the rank of Hk(Γ0(N); Zp) follows from that of Hk(Γ1(N); Zp).

(1.16) Corollary. Mord
k (Γ1(Np); Zp) has rank bounded independent of k.

Proof. There is a perfect pairing

Mord
k (Γ1(Np), χ; Zp)× Hord

k (Γ1(Np), χ; Zp)→ Zp

( f , T) 7→ a1(T f )

(similarly for cusp forms) which induces an isomorphism

HomZp(Hord
k (Γ1(Np), χ; Zp) ∼= Mord

k (Γ1(Np), χ; Zp)
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By the Eichler-Shimura isomorphism, it suffices to show that eH1(Γ1(Np), L(k − 2, Zp))
has rank bounded independent of k. The proof of (1.14) shows that the rank of this is
bounded by the dimension of eH1(Γ1(Np); Z/pZ) = eH1(Γ1(Np), L(2− 2, Z/pZ)), so
bounded independently of k for k ≥ 2.

(1.17) Proposition. Mord(N, Λ) is finitely generated as an Λ–module.

Proof. Under specialisation at ν = νk,1, F ∈ Mord(N, Λ) become elements of Mord
k (Γ1(Np), Zp)

which has rank bounded independently of k by (1.16).
We will first prove that Mord is finitely generated as a Λ–module.
Note that Mord(N, Λ) is by definition a submodule of Λ[[q]] and so is Λ–torsion-free.
Let W be a finitely generated free submodule of Mord(N, Λ) with basis {F1, . . . , Fd}.

Since the Fi are linearly independent over Λ, we can choose ni ∈ Z such that D(X) =
det(ani (Fj)) 6= 0 in Λ. Now by the Weierstrass preparation theorema, we can write this as
D(X) = pmP(X)U(X) and then, as we can only have finitely many zeros in pZp, there
must be some k > 1 such that the specialisation D(uk − 1) 6= 0.

Let fi = Fi(uk − 1). By assumption, these modular forms span a free submodule of
rank d of Mord

k (Γ1(Np), Zp) which has rank bounded independently of k, and hence W
has bounded rank.

Now suppose that F1, . . . , Fr is a maximal such set. Then these form a basis for
the vector space Mord(N, Λ) ⊗Λ Q(Λ) where Q(Λ) is the quotient field of Λ. So if
F ∈ Mord(N, Λ), then F = ∑r

i=1 xiFi for some xi ∈ Q(Λ) which are the solution to the lin-
ear equation AX = B ∈ Λr for A = (ani (Fj)), X = (x1, . . . , xr)t, B = (an1(F), . . . , anr (F))t.

Choose ni such that DA = det(A) ∈ Λ is non-zero. Multiplying by the adjoint matrix
yields DAx = adj(A)Ax = adj(A)B ∈ Λr, DAxi ∈ Λ for all i, so DA Mord(N, Λ) ⊆
ΛF1 + · · ·+ ΛFr which implies that Mord(N, Λ) ∼= DA Mord(N, Λ) is finitely generated as
an Λ–module (since it is isomorphic to a submodule of a finitely generated Λ–module
and since Λ is Noetherian).

a(Weierstrass preparation theorem). Let f (X) = ∑i≥0 aiXi ∈ Λ be a power series and assume that |ai | < 1
for 1 ≤ i ≤ n− 1 and an ∈ Z×p . Then we can uniquely write f in the form f (X) = P(X)U(X) where U(X) is a
unit and P(X) is a distinguished polynomial of degree n (i.e. it has the form P(X) = b0 + b1X + · · ·+ Xn where
|bi | < 1 for all 0 ≤ i ≤ n− 1).

(1.18) Theorem. Mord(N, Λ) is a finitely generated free Λ–module4.

Proof. We note first that Λ is a UFD and is a compact ring.
Let F ∈ Mord(N, Λ). If F(uk − 1) = 0 then an(F)(uk − 1) is divisible by P = X −

(uk − 1) for all k. (F/P) = F(uj − 1)/(uj − uk) for all j 6= k and it is a modular form,
so F/P ∈ Mord(N, Λ). Therefore PMord = {F ∈ Mord | F(uk − 1) = 0} so we can embed
Mord/PMord into Mord

k (Γ1(Np), χω−k; Zp) and Mord/PMord is Zp–free of finite rank.
Take a Zp–basis Fi mod PMord of Mord/PMord. If λ1F1 + · · ·+ λrFr = 0 then we can

assume P - λi for some i and reducing modulo P gives a nontrivial linear relation between
the Fi mod P which is a contradiction, so the Fi’s are linearly independent over Λ.

W = ΛF1 + · · · + λFr is a free Λ–module of rank r. For any F ∈ Mord there is a

4This also holds for Sord(N, Λ) with the same proof.
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nontrivial linear combination L0 of the Fj’s such that P|(F − L0). We can repeat this
argument with (F− L0)/P to get another linear combination L1 with P|((F− L0)/P− L1)
and so on to get F = L0 + L1P + · · ·+ Li−1Pi−1 mod Pi which implies that W/PiW =
Mord/Pi Mord for all i.

As W ∼= Λr, the sequence L0 + L1P + · · ·+ Li−1Pi−1 converges and hence W = Mord

and so Mord is free.

Now (1.19) follows as a corollary.

(1.19) Theorem. For k ≥ 2

rankZp Hord
k (Γ0(Npr), χω−k; Zp) = rankZp Mord

k (Γ0(Npr), χω−k; Zp)

= rankZp Mord
2 (Γ0(Npr), χω−2; Zp)

rankZp hord
k (Γ0(Npr), χω−k; Zp) = rankZp Sord

k (Γ0(Npr), χω−k; Zp)

= rankZp Sord
2 (Γ0(Npr), χω−2; Zp).

2 Emerton’s Proof of Weight Independence

In 1999, Matthew Emerton demonstrated a new representation theoretic approach to proving
certain results of Hida’s [2].

He considered the tower of modular curves studied by Hida

· · · → Y1(Npr)→ · · · → Y1(Np) (2)

corresponding to the chain of congruence subgroups

· · · ⊂ Γ1(Npr) ⊂ · · · ⊂ Γ1(Np)

and proved, using only the basic algebraic topology of the Y1(pr), the two important theorems
of Hida (2.14) and (2.22).

2.1 Congruence Subgroups

Let p ≥ 5 (everything holds for p = 3 if N > 1, and can be adapted for p = 2) and let
(N, p) = 1 be such that Γ1(Np) is torsion free.

Taking the homology with Z–coefficients of the chain of modular curves (2) and noticing
that H1(G, Z) = Gab, we get a chain

· · · → Γ1(Npr)ab → · · · → Γ1(Np)ab. (3)

(2.1) Definition. Let Γr be the subgroup of index pr−1 in Γ := Γ0 defined by

1→ Γr → Z×p → (Zp/pr)× → 1.

(2.2) Definition (Intermediate congruence subgroups). For r ≥ s > 0, define congruence sub-
groups5

Φs
r = Γ1(Nps) ∩ Γ0(pr) =

{(
a b
c d

)
| a ≡ d ≡ 1 mod Nps, c ≡ 0 mod Npr

}
5Γ0(N) =

{(
a b
c d

)
∈ Γ | c ≡ 0 mod N

}
and Γ1(N) =

{(
a b
c d

)
∈ Γ | a− 1 ≡ d− 1 ≡ c ≡ 0 mod N

}
.
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with
Γ1(Npr) ⊂ Φs

r ⊂ Φ1
r ⊂ Γ1(Np).

In particular, Φ1
r is the normaliser of Γ(Npr) in Γ1(Np).

(2.3) Remark. There is a map6

Φs
r → Γs/Γr(

a b
c d

)
7→ d mod pr

so Φs
r satisfies

1→ Γ1(Npr)→ Φs
r → Γs/Γr → 1,

so Φs
r/Γ1(Npr) = Γs/Γr and abelianisation gives us

Γ1(Npr)ab → Φs
r

ab → Γs/Γr → 1.

(2.4) Definition (The nebentypus action). The action of Φ1
r on Γ1(Npr) by conjugation induces

an action of the quotient Φ1
r /Γ1(Npr) ∼= Γ/Γr on Γ1(Npr)ab. Thus Γ acts on Γ1(Npr)ab through

Γ/Γr and the morphisms in the chain (3) are Γ–equivariant. We call the morphisms induced
by the elements of Γ the diamond operators.

(2.5) Remark. The sequence

1→ Γ1(Npr)/[Φs
r , Γ1(Npr)]→ Φs

r/[Φs
r , Γ1(Npr)]→ Γs/Γr → 1

is a central extension of the cyclic group Γs/Γr. It follows that Φs
r/[Φs

r , Γ1(Npr)] is abelian and
so [Φs

r , Γ1(Npr)] = [Φs
r , Φs

r ].
Let as denote the augmentation ideal of Z[Γs]. By (2.4)

asΓ1(Npr)ab = [Φs
r , Γ1(Npr)]/[Γ1(Npr), Γ1(Npr)]

so we can rewrite the extension as

1→ Γ1(Npr)ab/as → Φs ab
r → Γs/Γr → 1. (4)

This implies that a map Γ1(Npr)ab → Γ(Nps)ab in (3) can be factored as the composition

Γ1(Npr)ab Γ1(Npr)ab/as Φs ab
r Γ1(Nps)ab.

2.2 Hecke Operators

(2.6) Definition (Hecke operators). Suppose that T is a group with G, H ≤ T and suppose that
t ∈ T is such that t−1Ht ∩ G has finite index in G. There is a transfer morphism7 V : Gab →
(t−1Ht ∩ G)ab.

6This is surjective as given d̄ in Γs/Γr , we can take a lift d = 1 + kps N for some k ∈ Z (as if d1, d2 ∈ Γs, then d1 ≡ d2
mod Γr iff d1 − d2 ∈ prZp). Then take c = Npr , so (c, d) = 1 so there exist a, b ∈ Z with ad − bc = 1 and a ≡ d

mod Γr . Then
(

a b
c d

)
∈ Φs

r .
7If G has a finite index subgroup H we can define V : Gab → Hab: Take coset representatives x1, . . . , xn of H in G.

Then, if y ∈ G =
⋃

xj H, yxi = xjai for some j and some aj ∈ H. Define V(y) = ∏n
i=1 ai ∈ Hab.
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Further, conjugation by t induces (t−1Ht ∩ G)ab ∼= (H ∩ tGt−1)ab and inclusion induces
(H ∩ tGt−1)ab → Hab. We can compose these to obtain a morphism

Gab (t−1Ht ∩ G)ab (H ∩ tGt−1)ab Hab.V

[t]

t(−)t−1

(2.7) Definition (Atkin U–operator). Take T = GL2(Q) and G = H = Γ(Np) some congruence

subgroup of SL2(Z). Then if t =

(
1 0
0 p

)
we denote the corresponding Hecke operator by

U = [t], the Atkin U–operator.

(2.8) Remark. Suppose G = Φs
r in (2.7). Then8

t−1Φs
r t ∩Φs

r = Φs
r ∩ Γ0(p)

Φs
r ∩ tΦs

r t−1 = Φs
r+1

so U is defined by the composition

U : Φs ab
r (Φs

r ∩ Γ0(p))ab Φs ab
r+1 Φs ab

r .
V

U′

t(−)t−1

Φs ab
r can be made into a Z[U]–module and the maps Φs ab

r → Φs′ ab
r′ induced by inclusions

are morphisms of Z[U]–modules. This is because, for r ≥ s > 0, r′ ≥ s′ > 0, r ≥ r′, s ≥ s′ the
following diagram commutes9:

Φs ab
r Φs′ ab

r′

(Φs
r ∩ Γ0(p))ab (Φs′

r′ ∩ Γ0(p))ab

Φs ab
r+1 Φs′ ab

r′+1

V V

t(−)t−1 t(−)t−1

Further, the action of U on Φs ab
r commutes with the action of Γ on Φs ab

r via the diamond
operators defined in (2.4). It suffices to show10 that U commutes with conjugation by any

8Γ0(p) =
{(

a b
c d

)
| b ≡ 0 mod p

}
.

9The lower half clearly commutes. To show that the upper half commutes, notice that Φs
r ∩ Γ0(p) has coset repres-

entatives
(

1 i
0 1

)
in Φs

r for 0 ≤ i ≤ p− 1 which are independent of r and s, so Φs ab
r

V−→ (Φs
r ∩ Γ0(p))ab is given by a

formula independent of them which proves commutativity.
10Given any d ∈ Γ/Γs, we may find α =

(
a b
c d

)
with c ≡ 0 mod pr+1 and b ≡ 0 mod p. Then 〈d〉 is given by

conjugation by α.
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α ∈ Φs
r+1 ∩ Γ0(p). The following diagram clearly commutes

Φs ab
r Φs ab

r

(Φs
r ∩ Γ0(p))ab (α(Φs

r ∩ Γ0(p))α−1)ab = (Φs
r ∩ Γ0(p))ab

Φs ab
r+1 (αΦs

r+1α−1)ab = Φs ab
r+1

Φs ab
r (αΦs

rα−1)ab = Φs ab
r

V

α(−)α−1

V

t(−)t−1

α(−)α−1

αtα−1(−)αt−1α−1

α(−)α−1

α(−)α−1

and if g ∈ Φs
r ∩ Γ0(p), then αtα−1gαt−1α−1 = (αtα−1t−1)tgt−1(αtα−1t−1)−1 and αtα−1t−1 ∈

Γ(Npr+1) so conjugation by this is the identity on Φs ab
r+1. Therefore the vertical map on the

right is also U and we are done.

(2.9) Lemma. Γ1(Npr)ab → Φs ab
r is a morphism of Z[U]–modules and so its cokernel Γs/Γr is

also a Z[U]–module. Further, U acts on Γs/Γr as multiplication by p.

Proof. Consider the U action of Φs ab
r /Γ1(Npr)ab. We can decompose U as

Φs ab
r

Γ1(Npr)ab
V−→ (Φs

r ∩ Γ0(p))ab

(Γ1(Npr) ∩ Γ0(p))ab
t(−)t−1

−−−−→
Φs ab

r+1

Φr ab
r+1
→ Φs ab

r
Γ1(Npr)ab

where we use coset representatives
(

1 i
0 1

)
to define the map V, which turns out to be

ᾱ 7→ ᾱp.

Notice that for α =

(
a b
c d

)
, tαt−1 =

(
a bp

c/p d

)
, t−1αt =

(
a b/p

cp d

)
all have the

same (1, 1) and (2, 2) entries, so represent the same coset mod Γ1(Npr)ab.
Thus U acts on Φs ab

r /Γ1(Npr)ab as ᾱ 7→ ᾱp, so acts on Γs/Γr by multiplication by p.

2.3 Ordinary Parts

(2.10) Definition (Ordinary parts of modules). Take Z an indeterminate with Zp[Z] commut-
ative. Let U be an Zp[Z]–module, finitely generated as an Zp–module.

If B is the image of the morphism of Zp–modules Zp[Z]→ EndZp(U), then as EndZp(U) is
a finite Zp–algebra, B is also a finite Zp–algebra. Therefore it is a product of its localizations at
finitely many ideals B = ∏m max Bm. The projection Zm of Z onto Bm will either be contained
in the maximal ideal m of Bm or contain a unit, we say that m is ordinary if the latter holds.
Let Bord := ∏m ordinary Bm. Each of these is a flat B–algebra and a subalgebra of EndZp(U).
Finally, we define Uord := U ⊗B Bord, the ordinary part of U.

Now, taking Z to be Atkin’s U–operator corresponding to p, we may consider the ordinary
part of the homology group H1(Y1(Npr), Zp) = Γ1(Npr)ab ⊗Zp Zp. Notice that (Γ1(Npr)ab ⊗
Zp)ord is a Γ–module since the action of Γ commutes with U by (2.8).

10



(2.11) Proposition. If r ≥ s > 0, then there is an isomorphism of abelian groups

(Γ1(Npr)ab ⊗Zp)
ord/as

∼−→ (Γ1(Nps)ab ⊗Zp)
ord.

Proof. Take U′ : Φs,ab
r−1 → Φs ab

r as before. If π : Φs ab
r → Φs ab

r−1 is the map induced by
inclusion, then U′ ◦ π = U ∈ End(Φs ab

r ) and π ◦U′ = U ∈ End(Φs ab
r−1).

If m is ordinary, then Um is a unit in EndZp(Φ
s ab
r ⊗ Zp)m so we can take U−1 =

∏m ordinary U−1
m acting on (Φs ab

r ⊗Z)ord. Then π induces an isomorphism

(Φab
r ⊗Zp)

ord ∼= (Φs ab
r−1 ⊗Zp)

ord

with inverse U−1 ◦U′.
Inductively, we obtain

(Φs ab
r ⊗Zp)

ord ∼= (Φs ab
s ⊗Zp)

ord ∼= (Γ1(Nps)ab ⊗Zp)
ord.

Γs/Γr is p–torsion so Γs/Γr⊗Zp = Γs/Γr. Also, U is Γ–equivariant so taking Γs–coinvariants
(i.e. quotienting by as) and taking ordinary parts are commuting functors. Therefore, on
tensoring by Zp and taking ordinary parts in the sequence (4), we get:

1→ (Γ1(Npr)ab ⊗Zp)
ord/as → (Φs ab

r ⊗Zp)
ord → (Γs/Γr)

ord → 1.

By (2.9) U is nilpotent on Γs/Γr and so (Γs/Γr)ord = 1 which implies that

(Γ1(Npr)ab ⊗Zp)
ord/as ∼= (Φs ab

r ⊗Zp)
ord.

2.4 Iwasawa Modules

(2.12) Definition (Iwasawa module). We may take a projective limit in the chain of Zp–modules

· · · → Γ1(Npr)ab ⊗Zp → · · · → Γ1(Np)ab ⊗Zp

to obtain
W := lim←−

r
Γ1(Npr)ab ⊗Zp.

The profinite group Γ acts on Γ1(Npr)⊗Zp through its finite quotient Γ/Γr and so W is a
module over the completed group algebra

Λ := lim←−
r

Zp[Γ/Γr].

(2.13) Fact. Suppose that Mr is a projective system of Λ–modules such that the Mr are invariant
under Γr and such that for any r ≥ s, the morphisms factor as Mr → Mr/as → Ms. Let
M = lim←−r

Mr (so for any s, the natural morphism factors as M→ M/as → Ms).
Suppose further that each Mr is p–adically complete and the morphisms Mr/as → Ms are

isomorphisms. Then for any s, the morphism M/as → Ms is an isomorphism.

11



In particular, this together with (2.11), implies that

(2.14) Theorem. For any r ≥ 1, we have that the Γr–coinvariants of Word are equal to H1(Yr, Zp)ord

Word/arWord = (Γ1(Npr)ab ⊗Zp)
ord.

(2.15) Remark. Each module Γ1(Npr)ab ⊗Zp is free of finite rank over Zp and so is compact
in its p–adic topology. Therefore if we give W the projective limit topology arising from this it
becomes a compact Λ–module, and Λ acts continuously on W.

Since Word is a direct factor of W, this also holds for Word and furthermore, (2.14) implies
that the projective limit topology on Word coincides with its m–adic topology (for m = (a1, p)
the maximal ideal of Λ) because the kernels of Λ � Zp/pr[Γ/Γr] are cofinal with the sequence
of ideals mr in Λ.

Thus Word is a Λ–module, compact in its m–adic topology, such that

Word/m = (Γ1(Np)ab ⊗Zp/p)ord

is a finite dimensional Zp/p–module of dimension d. In particular, Word is a finitely gener-
ated Λ–module with minimal generating set of order d, the Zp–rank of the free Zp–module
(Γ1(Np)ab ⊗Zp)ord.

2.5 Main Theorems

Cohomology is the dual of homology:

H1(Y1(Npr), Zp) := HomZ(Γ1(Npr)ab, Zp) = HomZp(Γ1(Npr)ab ⊗Zp, Zp)

and Λ acts on Γ1(Npr)⊗Zp through its quotient Λr := Λ/ar = Zp[Γ/Γr].

(2.16) Remark. If M is a Zp[U]–module finitely generated as a Zp–module, then the dual
M∗ := HomZp(M, Zp) is also finitely generated as a Zp–module and becomes a Zp[U]–
module via the dual action of U. Further, (M∗)ord = (Mord)∗.

(2.17) Remark. There is an isomorphism of Λr–modules11

HomΛr (Γ1(Npr)ab ⊗Zp, Λr) = HomZp [Γ/Γr ](Γ1(Npr)ab ⊗Zp, Zp[Γ/Γr]⊗Zp Zp)

∼= HomZp(Γ1(Npr)ab ⊗Zp, Zp).

Λs = Λr/as for r ≥ s > 0, so we get a sequence of morphisms of Λr–modules

HomΛr (Γ1(Npr)ab ⊗Zp, Λr)→ HomΛr (Γ1(Npr)ab ⊗Zp, Λr)/as

→ HomΛr (Γ1(Npr)ab ⊗Zp, Λs)

= HomΛs(Γ1(Npr)ab ⊗Zp/as, Λs).

By (2.16), we may take ordinary parts to obtain

HomΛr ((Γ1(Npr)ab ⊗Zp)
ord, Λr)→ HomΛr ((Γ1(Npr)ab ⊗Zp)

ord, Λr)/as

→ HomΛs((Γ1(Nps)ab ⊗Zp)
ord, Λs).

(2.18) Lemma. The transfer Φs ab
r

V−→ Γ1(Npr)ab commutes with the actions of U.

11HomR(M, N) ∼= HomR[G](M, R[G]⊗R N) as right R[G]–modules for M, N left and right R[G]–modules respect-
ively and for G a finite group, R a commutative ring.
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Proof. The following diagram commutesa

Φs ab
r Γ1(Npr)ab

(Φs
r ∩ Γ0(p))ab (Γ1(Npr) ∩ Γ0(p))ab

Φs ab
r Γ1(Npr)ab

V

V V

V

t(−)t−1 t(−)t−1

V

aThe commutativity of the top square follows from the functoriality of transfer. There are coset representat-

ives for Γ1(Npr) ∩ Γ0(p) in Φs
r ∩ Γ0(p) of the form σd =

(
a b
c d

)
where d ranges through coset representatives

of Γr in Γs. By the same argument as in (2.9), the conjugates tσdt−1 form a set of coset representatives of Γ1(Npr)
in Φs

r , so the lower half commutes.

(2.19) Remark. Suppose G is a torsion-free congruence subgroup of SL2(Z). Then

HomZp(G
ab ⊗Zp, Zp) = HomZ(Gab, Zp) = H1(Y(G), Zp)

where Y(G) = G \ h an open Riemann surface. This curve can be completed to the compact
Riemann surface X(G) by the addition of finitely many points, the cusps. Intersection of cycles
yields a canonical isomorphism

H1(Y(G), Zp) ∼= H1(X(G), cusps, Zp)

where the right hand is relative cohomology. The cusps correspond to the points of the orbit
space G \P1(Q) and there is a canonical isomorphism

H1(X(G), cusps, Zp) ∼= (Div0(P1(Q))⊗Zp)/aG

where aG is the augmentation ideal of Z[G] and Div0(P1(Q)) is made a Z[G]–module via the
action of G on P1(Q).

It follows that if H ≤ G then there is the following commutative diagram

HomZp(Hab ⊗Zp, Zp) HomZp(G
ab ⊗Zp, Zp)

H1(Y(H), Zp) H1(Y(G), Zp)

H1(X(H), cusps, Zp) H1(X(G), cusps, Zp)

(Div0(P1(Q))⊗Zp)/aH (Div0(P1(Q))⊗Zp)/aG

V∗

13



in which the horizontal maps are the dual of the transfer, the pushforward on cohomology, the
pushforward on homology, and the natural quotient morphism.

This proves that V∗ is surjective with kernel aG HomZp(Hab ⊗Zp, Zp).

(2.20) Lemma (A Control Lemma). The morphism

HomΛr ((Γ1(Npr)ab ⊗Zp)
ord, Λr)/as → HomΛs((Γ1(Nps)ab ⊗Zp)

ord, Λs)

in (2.17) is an isomorphism.

Proof. By (2.18) we may restrict V to the ordinary part to obtain a morphism

(Φs ab
r ⊗Zp)

ord V−→ (Γ1(Npr)ab ⊗Zp)
ord

which induces a dual morphism

HomZp((Γ1(Npr)ab ⊗Zp)
ord, Zp)

V∗−→ HomZp((Φ
s ab
r ⊗Zp)

ord, Zp).

The following diagram commutes

HomZp((Γ1(Npr)ab ⊗Zp)ord, Zp)) HomΛr ((Γ1(Npr)ab ⊗Zp)ord, Λr)

HomZp((Φ
s ab
r ⊗Zp)ord, Zp) HomΛr ((Γ1(Npr)ab ⊗Zp)ord, Λr)/as

HomΛs((Γ1(Npr)ab ⊗Zp)ord/as, Λs)

HomZp((Γ1(Nps)ab ⊗Zp)ord, Zp) HomΛs((Γ1(Nps)ab ⊗Λs)ord, Λs)

∼

V∗

∼

where the equalities follow from (2.11) and its proof.
Thus to prove the lemma it suffices to prove that

HomZp((Γ1(Npr)ab ⊗Zp)
ord, Zp)

V∗−→ HomZp((Φ
s ab
r ⊗Zp)

ord, Zp) (5)

is surjective with kernel as HomZp((Γ1(Npr)ab ⊗Zp)ord, Zp). But by (2.18) and (2.16), (5)
is the ordinary part of the morphism

HomZp(Γ1(Npr)ab ⊗Zp, Zp)
V∗−→ HomZp(Φ

s ab
r ⊗Zp, Zp) (6)

and taking ordinary parts is exact and commutes with the action of Γ so it suffices to
show instead that (6) is surjective with kernel as HomZp(Γ1(Npr)ab ⊗ Zp, Zp). Taking
H = Γ1(Npr) and G = Φs

r in (2.19) proves this.

We now prove the following key theorem of Hida (2.22), assuming the following fact (which
holds due to a result by Serre [9] as Λ is a regular local ring of dimension two):

14



(2.21) Fact. Any finitely generated reflexive Λ–module is free.

(2.22) Theorem. The Λ–module Word is free of finite rank d.

Proof. By (2.14),

HomΛ(Word, Λ) = lim←−
r

HomΛ(Word, Λr)

= lim←−
r

HomΛr (W
ord/ar, Λr)

= lim←−
r

HomΛr ((Γ1(Npr)ab ⊗Zp)
ord, Λr)

and then, using (2.13) and (2.20), there is a canonical isomorphism

HomΛ(Word, Λ)/ar = HomΛr ((Γ1(Npr)ab ⊗Zp)
ord. (7)

We have the following series of canonical isomorphisms, showing that Word is a re-
flexive Λ–module:

HomΛ(HomΛ(Word, Λ), Λ) = lim←−
r

HomΛ(HomΛ(Word, Λ), Λr)

= lim←−
r

HomΛr (HomΛ(Word, Λ)/ar, Λr)

= lim←−
r

HomΛr ((Γ1(Npr)ab ⊗Zp)
ord, Λr), Λr) (8)

= lim←−
r
(Γ1(Npr)ab ⊗Zp)

ord (9)

= Word

where (8) follows from (7), and (9) follows from the fact that (Γ1(Npr)ab ⊗Zp)ord is a
reflexive Zp–module as it is a free Zp–module, and is therefore a reflexive Λr–modulea.

We can then apply (2.21) and are done.

aIf M is a left R[G]–module for R a commutative ring and G a commutative group, if M is reflexive as an
R–module, it is reflexive as an R[G]–module.

3 Emerton’s Ordinary Parts Functor

In 2010, Emerton published the paper [5] in which he constructed the functor OrdP and demon-
strated a few of its basic properties, such as being left exact and additive, commuting with
inductive limits, and preserving admissibility. OrdP provides a generalisation of the notion of
ordinary parts described previously, and in particular allows the representation theoretic ap-
proach taken in section 2 (applying it to p–adically completed cohomology) to be generalised.
For instance, (3.24) abstracts Hida’s principle that the ordinary part of cohomology should be
finite over the weight space.
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Beyond this, the ordinary parts functor can be used in the construction of the the p-adic
local Langlands correspondence for GL2(Qp) (c.f. [1] and[4]). In particular, one can derive it,
which allows us to compute the vanishing of certain Ext groups between irreducible admissible
representations (c.f. [6]).

An important property of OrdP is that, for P a parabolic subgroup of a p–adic reductive
group G with Levi decompositon P = MN and opposite parabolic P, the functor OrdP :
Modadm

G (A) → Modadm
M (A) is right adjoint to parabolic induction IndG

P : Modadm
M (A) →

Modadm
G (A). This suggests that it is analogous to the locally analytic Jacquet functor JP and

indeed many of the arguments are the same as those appearing in Emerton’s previous papers
[3] and [7] studying this functor.

We shall, following [5], begin by defining certain categories of p–adic representations of G.
We will then define OrdP, and finally prove that it is right adjoint to IndG

P .

3.1 p–adic Representations

Let G be a p–adic analytic group, in our case the group of Qp–points of a connected reductive
algebraic group over Qp. Let A be a complete local Noetherian O–algebra for O the ring of
integers of some finite E/Qp, with a choice of uniformiser v. Further, let A has finite residue
field and maximal ideal m. Let ModG(A) denote the category of A[G]–modules.

In this subsection we will define certain categories of G–representations and outline their
basic properties.

(3.1) Definition (Completed group ring). If H ≤ G is compact open, let A[[H]] denote the
completed group ring of H over A

A[[H]] := lim←−
H′≤H open

A[H/H′].

Each A[H/H′] is endowed with the m-adic topology and A[[H]] has the projective limit topo-
logy arising from this.

Each A[H/H′] is profinite as H/H′ is finite (as H is compact) and so A[[H]] is profinite, so
is in particular a compact topological ring.

(3.2) Definition (Smooth representations). If V is a representation, v ∈ V is smooth if it is
annihilated by an open ideal in A[[H]] for some (equiv. any) open H ≤ G. Equivalently, if it is
fixed by some open subgoup of G and if miv = 0 for some i, where m is the maximal ideal of
A12. Let Vsm be the set of smooth vectors in V. V is a smooth representation if V = Vsm.

Let Modsm
G (A) denote the full subcategory of ModG(A) consisting of smooth G-representations.

This is an abelian category.

(3.3) Definition (Admissible representations). V ∈ Modsm
G (A) is admissible if VH [mi] (the mi–

torsion part of VH) is finitely generated over A for every H ≤ G open and i ≥ 0. (For A
Artinian, mi = 0 for large i so VH [mi] = VH and this agrees with the usual definition.)

Let Modadm
G (A) denote the full subcategory of Modsm

G (A) consisting of admissible repres-
entations. This is an abelian category.

(3.4) Definition (Locally admissible representations). Let V ∈ ModG(A). v ∈ V is locally
admissible if v is smooth and if the smooth G–subrepresentation of V generated by v is ad-
missible. Let Vl.adm denote the subset of locally admissible elements, an A[G]–submodule of
V.

12If A is Artinian, then mi = 0 for some i so we can drop the second condition.
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V is locally admissible if V = Vl.adm and the category of these is denoted Modl.adm
G (A).

This is an abelian category.

(3.5) Definition (Finiteness). Let V ∈ ModG(A) and Z be the centre of G. We say that V is
Z–finite if A[Z]/ AnnA[Z](V) is a finite A–algebra.

v ∈ V is locally Z–finite if the A[Z]–submodule of V generated by v is Z–finite (equival-
ently finitely generated as an A–module). Let VZ–fin ⊂ V denote the set of locally Z–finite
elements. This is an A[G]–submodule of V.

(3.6) Remark. The set of Z–finite (resp. locally Z–finite) modules is closed under taking
direct sums and quotients by Z–finite (resp. locally Z–finite) modules. It follows that if
V ∈ ModG(A) is finitely generated over A[G], then V is Z–finite iff it is locally Z–finite.

Also, we can show that for any V ∈ ModG(A), Vl.adm ⊂ VZ –fin, so in particular if V is
admissible and finitely generated, then it is Z–finite.

(3.7) Definition (v–adic continuity). We say that V ∈ ModG(A) is v–adically continuous if

1. V is v–adically separated and complete.

2. The O–torsion subspace V[v∞] of V is of bounded exponent (i.e. is annihilated by v j for
large j).

3. The G–action G×V → V is continuous in the v–adic topology on V.

4. The A–action A × V → V is continuous in the m–adic topology on A and the v–adic
topology on V.

Let Modv-cont
G (A) denote the full subcategory of ModG(A) consisting of v–adically con-

tinuous representations of G over A. It is closed under taking kernels, images, and extensions.

(3.8) Definition. We say V ∈ Modv-cont
G (A) is admissible if (with the induced G–representation)

(V/vV)[m] ∈ Modadm
G (A/m).

Let Modv-adm
G (A) denote the category consisting of these. This is an abelian category.

(3.9) Remark. When A ∈ Art(O), Modv-cont
G (A) = Modsm

G (A) and Modv-adm
G (A) = Modadm

G (A).

3.2 The Ordinary Parts Functor

We will now define the Hecke action and construct the ordinary parts functor.
Let P be parabolic in G with Levi decomposition P = MN. The example to have in mind

is G = GL2(Qp) with maximal compact GL2(Zp), P the upper triangular matrices, N upper
triangular matrices with 1’s on the diagonal, and M the diagonal matrices.

(3.10) Definition. If V ∈ ModN(A) and N1 ⊂ N2 ⊂ N are compact open subgroups, define
the operator hN2,N1 : VN1 → VN2 by

hN2,N1(v) := ∑
n∈N2/N1

nv,

summing over coset representatives. It is easy to check that this is well defined and that for
N1 ⊂ N2 ⊂ N3, hN3,N2 hN2,N1 = hN3,N1 .
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(3.11) Notation. Let P0 ≤ P be compact open and set M0 = M ∩ P0, N0 = N ∩ P0,

M+ := {m ∈ M |mN0m−1 ⊂ N0}.

Let ZM be the centre of M, and set Z+
M := M+ ∩ ZM.

(3.12) Definition (Hecke action). Let V ∈ ModP(A). Then for any m ∈ M+ we define hN0,m :
VN0 → VN0 via

hN0,m(v) := hN0,mN0m−1(mv).

Note that if m1, m2 ∈ M+, then13 hN0,m1m2 = hN0,m1 hN0,m2 , so hN0,m induces an action of M+

on VN0 , which we call the Hecke action of M+.
This allows us to regard VN0 as a module over the algebra A[M+], and over its central

subalgebra A[Z+
M]. If m ∈ M0, then mN0m−1 = N0 so hN0,m coincides with the action of m on

VN0 .

With this action, we may also consider the A[ZM]–module HomA[Z+
M ](A[ZM], VN0) as well as

its submodule HomA[Z+
M ](A[ZM], VN0)ZM-fin.

We assume following result from [3]:

(3.13) Proposition. Let Ni, N′i be compact subgroups of N for 1 ≤ i ≤ n.

1. If Y = {z ∈ ZM | zNiz−1 ⊂ N′i ∀ 1 ≤ i ≤ n} then Y generates ZM as a group.

2. If Y′ = {m ∈ M |mNim−1 ⊂ N′i ∀ 1 ≤ i ≤ n} then Y′ and ZM together generate M as a
semigroup.

In particular Y′ generates M as a group.

(3.14) Corollary. ZM is generated by Z+
M as an abelian group.

(3.15) Definition (Ordinary parts functor). If V ∈ Modsm
P (A), then we write

OrdP(V) := HomA[Z+
M ](A[ZM], VN0)

which we refer to as the P–ordinary part of V.

Assume temporarily that OrdP is well defined independent of the choice of P0 and M.

(3.16) Remark. To relate this to the definition (2.10) in section 2, suppose U is an A[ZM]–
module and finitely generated over A. Then B = Im(A[Z+

M] → EndA(U)) ∼= ∏m max Bm

induces a factorization U = ∏m max Um, and so a factorization

HomA[Z+
M ](A[ZM], U) ∼= ∏

m max
HomA[Z+

M ](A[ZM], Um).

If m is ordinary, the A[Z+
M]–module structure on Um extends uniquely to an A[ZM]–module

structure and evaluation at 1 ∈ ZM induces an isomorphism HomA[Z+
M ](A[ZM], Um) ∼= Um. If

m is non-ordinary, then HomA[Z+
M ](ZM, Um) = 0.

Thus, evaluation at 1 induces an embedding

HomA[Z+
M ](A[ZM], U) ∼= ∏

m ordinary
Um ⊂ U.

Notice that this also shows that HomA[Z+
M ](A[ZM], U) is finitely generated over A.

13hN0 ,m1m2 = hN0 ,m1m2 N0m−1
2 m−1

1
m1m2 = hN0 ,m1 N0m−1

1
hm1 N0m1 ,m1m2 N0m−1

2 m−1
1

m1m2 = hN0 ,m1 N0m−1
1

m1hN0 ,m2 N0m−1
2

m2 =

hN0 ,m1 hN0 ,m2 .
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(3.17) Proposition. OrdP is a functor Modsm
P (A)→ Modsm

M (A).

Proof. Let W be an A[Z+
M]–module and take φ ∈ HomA[Z+

M ](A[ZM], W)ZM-fin.

Let evz : HomA[Z+
M ](A[ZM], W)ZM-fin → W denote evaluation at z ∈ Z+

M and consider
the A[ZM]–submodule U = 〈φ〉 ⊂ HomA[Z+

M ](A[ZM], W)ZM-fin.
ev1(U) = im(φ) and since φ is locally ZM–finite, U is finitely generated over A and so

im(φ) also is. Since z1φ(z2) = φ(z1z2) for z1 ∈ Z+
M, z2 ∈ ZM, im(φ) is invariant under the

action of Z+
M.

Now suppose that W is additionally an A[M+]–module.
There is an isomorphism

M+ ×Z+
M

ZM := M+ × ZM/((mz+, z) ∼ (m, z+z)) ∼−→ M

(m, z) 7→ mz

which is a bijectiona.
The restriction map induces an isomorphism

HomA[M+ ](A[M], W) ∼= HomA[M+ ](A[M+ ×Z+
M

ZM], W)
∼−→ HomA[Z+

M ](A[ZM], W)

which, due to the natural A[M]–structure on HomA[M+ ](A[M], W), allows us to endow
HomA[Z+

M ](A[ZM], W) with an A[M]–structure which extends its original A[ZM]–module

structure. This has the property that for any z ∈ ZM, evz is M+–equivariant.
Let us further assume that W is M0–smooth.
Since im(φ) is a finitely generated A–submodule of W, we may find an open ideal

I of A[[M0]] that annihilates im(φ), so I annihilates φ also. Thus the action of M0 on
HomA[Z+

M ](A[ZM], W)ZM-fin is smooth, so the M action is also.

VN0 with the Hecke action satisfies the properties assumed for W and the action of
M0 is smooth, so the above holds with W = VN0 . Therefore OrdP(V) is a smooth M–
representation and we are done.

aIt is injective as, if m1z1 = m2z2, then as Z+
M generates ZM there is z ∈ Z+

M such that z1z−1
2 z ∈ Z+

M so
(m1, z1) ∼ (m1z1z−1

2 z, z−1z2) = (m2z, z−1z2) ∼ (m2, z2). It is surjective as M+ and ZM generate M together by
(3.13).

(3.18) Proposition. OrdP is well defined.

Proof. We want to prove first that OrdP is independent of the choice of P0.
Suppose that P′0 is an open subgroup of P0 and write M′0 := M ∩ P′0, N′0 = N ∩ P′0,

(M+)′ = {m ∈ M |mN′0m−1 ⊂ N0}, (ZM)′ = (M+)′ ∩ ZM. We can define the Hecke

action of (M+)′ on VN′0
0 in the obvious way.

Write Y′ = M+ ∩ (M+)′ and Y = Z+
M ∩ (Z+

M)′ = Y′ ∩ ZM. Then by (3.13), Y generates
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ZM as a group so

HomA[(Z+
M)′ ](A[ZM], VN′0) = HomA[Y](A[ZM], VN′0)

HomA[Z+
M ](A[ZM], VN0) = HomA[Y](A[ZM], VN0)

so we have a map

φ : HomA[(Z+
M)′ ](A[ZM], VN′0)

f 7→hN0,N′0
◦ f

−−−−−−−→ HomA[Z+
M ](A[ZM], VN0).

If m ∈ Y′ thena hN0,mhN0,N′0
= hN0,N′0

hN′0,m, so hN0,N′0
commutes with the Hecke action

of Y′ on VN0 and VN′0 . By (3.13), Y′ and ZM together generate M, so φ is M–equivariant.
For z ∈ Y with zN0z−1 ⊂ N′0, define

α : VN0
v 7→hN′0,zN0z−1 (zv).
−−−−−−−−−−→ VN′0 .

We can check thatb hN′0,zN0z−1 zhN0,m = hN0,mhN′0,zN0z−1 z so the action commutes with
the Hecke actions of Y′, and so there is an M–equivariant map

ψ : HomA[Z+
M ](A[ZM], VN0)

f 7→α◦ f−−−−→ HomA[(Z+
M)′ ](A[ZM], VN′0).

hN0,N′0
hN′0,zN0z−1 z = hN0,z andc hN′0,zN0z−1 zhN0,N′0

= hN0,z, so the composites φψ and ψφ

coincide with the automorphisms induced by composing with the Hecke actions of z.
Therefore φψ and ψφ are both isomorphisms, and so φ is both injective and surjective, so
φ is an isomorphism.

This concludes the proof that OrdP is well defined up to canonical isomorphism inde-
pendently of the choice of P0. It remains to show that it is also independent of the choice
of Levi factor M.

Suppose that M′ is another Levi factor. There are canonical isomorphisms M ∼= P/N ∼=
M′ and there is a unique n ∈ N with nMn−1 = M′. Conjugation by n is an isomorphism,
so we can regard any M′–representation as an M–representation and vice versa.

Pick P0 ⊂ P compact open and define P′0 = nP0n−1, M′0 = nM0n−1 = nMn−1 ∩ P′0,
N′0 = nN0n−1 = N ∩ P′0, (M′)+ = nM+n−1 = {m′ ∈ M′ |m′N′0(m′)−1 ⊂ N′0}, Z+

M′ =

nZ+
Mn−1 = (M′)+ ∩ ZM′ .
We define a Hecke action of (M′)+ on VN′0 in the obvious way and can show as before

that HomA[Z+
M ](A[ZM′ ], VN′0) is an M′–representation. Therefore HomA[Z+

M ](A[ZM′ ], VN′0)ZM-fin

also is and so it is an M–representation.
Define the functor

Ord′P : ModG(A)→ ModM(A)

V 7→ HomA[Z+
M′ ]

(A[ZM′ ], VN′0)ZM-fin.

There is an isomorphism VN0 v 7→nv−−−→ VN′0 which commutesd with the Hecke operator
hm on VN0 and the operator hnmn−1 on VN′0 for all m ∈ M+. So there is an M–equivariant
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isomomorphism

OrdP(V) = HomA[Z+
M ](A[ZM], VN0)

∼−→ HomA[Z+
M′ ]

(A[ZM′ ], VN′0) = Ord′P(V)

f 7→ n f .

So OrdP is well defined up to canonical isomorphism independently of M.

ahN0 ,mhN0 ,N′0
= hN0 ,mN0m−1 mhN0 ,N′0

= hN0 ,mN0m−1 hmN0m−1 ,mN′0m−1 m = hN0 ,mN′0m−1 m = hN0 ,N′0
hN′0 ,mN′0m−1 m =

hN0 ,N′0
hN′0 ,m.

bUsing that z ∈ ZM , hN′0 ,zN0z−1 zhN0 ,m = hN′0 ,zN0z−1 zhN0 ,mN0m−1 m = hN′0 ,zN0z−1 hzN0z−1 ,zmN0m−1z−1 zm =

hN′0 ,zmN0m−1z−1 zm = hN′0 ,mN′0m−1 hmN′0m−1 ,mzN0z−1m−1 mz = hN′0 ,mN′0m−1 mhN′0 ,zN0z−1 z = hN0 ,mhN′0 ,zN0z−1 z.
chN′0 ,zN0z−1 zhN0 ,N′0

= hN′0 ,zN0 ,z−1 hzN0z−1 ,zN′0z−1 z = hN′0 ,zN′0z−1 z = hN0 ,z.
dnhm = nhN0 ,mN0m−1 m = hnN0n−1 ,nmN0m−1n−1 nm = hN′0 ,nmn−1 N′0nm−1n−1 nmn−1n = hnmn−1 n.

(3.19) Definition. Evaluation at 1 ∈ A[ZM] induces OrdP(V)→ VN0 , the canonical lifting.

(3.20) Facts (Properties of OrdP).

• If {Wi}i∈I is an inductive system of smooth Z+
M–modules, then the natural map is an

isomorphism

lim−→
i

HomA[Z+
M ](A[ZM], Wi)ZM-fin

∼−→ HomA[Z+
M ](A[ZM], lim−→

i
Wi)ZM-fin.

• OrdP : ModP(A) → ModM(A) is left exact, additive, and commutes with inductive
limits.

(3.21) Fact. Let I0, I2 be compact open subgroups of G admitting Iwahori decompositions with
respect to P and P. Suppose further that I1 ∩ M ⊂ I0 ∩ N, I1 ∩ M = I0 ∩ M, and I1 ∩ N =

I0 ∩ N = N0. Then if z0 ∈ Z+
M is such that (I0 ∩ N) ⊂ z0(I1 ∩ N)z−1

0 , then hN0,z0(V
I1) ⊂ V I0 .

(3.22) Theorem. If V is an admissible smooth representation of G over A, then OrdP(V) is an
admissible smooth representation of M and the canonical lifting is an embedding.

Sketch Proof. V is smooth, so it is an inductive limit of its submodules V[mi]. As OrdP is
left exact and preserves inductive limits, OrdP(V[mi]) ↪→ OrdP(V)[mi] is an isomorphism
and OrdP(V) is an inductive limit of OrdP(V)[mi]. So it suffices to prove the theorem for
V[mi] instead of V.

Choose a cofinal sequence {Ii}i≥0 of compact open subgroups of G with Ii normal in
I0 and admitting an Iwahori decompositiona with respect to P and P. Let Mi = Ii ∩M,
Ni = Ii ∩ N, Ni = Ii ∩ N. Then for i ≥ j, Ii,j = Ni MjN0 is compact open in I0 and has
an Iwahori decomposition. It is enough show that OrdP(V)Mj is finitely generated over A
and the canonical lifting induces an embedding OrdP(V)Mj ↪→ VN0 for all j ≥ 0.

Let P0 = M0N0, a compact subgroup of P. VMj N0 is invariant under the Hecke Z+
M–

action on VN0 so OrdP(V)Mj = HomA[Z+
M ](A[ZM], VMj N0)ZM-fin. For φ ∈ OrdP(V)Mj ,

im(φ) is a finitely generated Z+
M–invariant A–module, so im(φ) ⊂ V Ii,j for large i, j.

If we take z0 ∈ Z+
M with N j ⊂ z0Niz−1

0 , thenb im(φ) = hN0,z0 im(φ) ⊂ hN0,z0(V
Ii,j) ⊂

V Ii,j . So if U denotes the maximal A–submodule of V Ii,j invariant under the Hecke Z+
M–
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action, then im(φ) ⊂ U and consequently OrdP(V)Mj ⊂ HomA[Z+
M ](A[ZM], U), and so is

finitely generated over A by (3.16). (3.16) also shows that the canonical lifting induces an
embedding OrdP(V)Mj ↪→ U ⊂ V Ii,j ⊂ VN0 .

a(I ∩ N)× (I ∩M)× (I ∩ N)→ I is a bijection.
bIf z ∈ ZM , then φ(z) = φ(z0z−1

0 z) = hN0 ,z0 φ(z−1
0 z) ∈ hN0 ,z0 (V

Ii,j ).
For the last inequality, we use (3.21).

(3.23) Definition (Extension to v–adically complete representations). If V ∈ Modv-cont
P (A),

then we define
OrdP(V) := lim←−

i
OrdP((V/viV))

and this is well defined as each V/viV ∈ Modsm
P (A/mj).

This defines a functor

OrdP : Modv-cont
P (A)→ Modv-cont

M (A)

and we can show that for sufficiently large j, there is an embedding OrdP(V)/v j OrdP(V) →
OrdP(V/v jV) and the projective limit topology on OrdP(V) coincides with the v–adic topo-
logy on OrdP(V).

We have the canonical lifting OrdP(V/viV) → (V/viV)N0 , so passing to projective limits
gives an M+–equivariant map OrdP(V) → VN0 which we again refer to as the canonical
lifting.

(3.24) Theorem. Taking ordinary parts induces a functor OrdP : Modv−adm
G (A)→ Modv−adm

M (A).
Furthermore, for any V ∈ Modv−adm

G (A), the canonical lifting above is a closed embedding
when its source and target have their v–adic topologies.

3.3 Parabolic Induction

(3.25) Definition (Parabolic induction). Let P be the opposite parabolic to P with unipotent
radical N and M = P ∩ P.

If U ∈ Modsm
M (A) then we can regard it as a P–representation by letting N act as the

identity. Define

IndG
P U = { f : G → U | f locally constant, f ( p̄g) = p̄ f (g) ∀ p̄ ∈ P, g ∈ G}.

If U ∈ Modv -cont
M (A), then we can again regard it as a P–representation and define

IndG
P U = { f : G → U | f cts (U with v–adic topology), f ( p̄g) = p̄ f (g) ∀ p̄ ∈ P, g ∈ G}.

The right regular action of G on functions gives these the structure of A[G]–modules.

(3.26) Remark. Parabolic induction U 7→ IndG
P U gives rise to exact functors Modsm

M (A) →
Modsm

G (A) and Modv -cont
M (A)→ Modv -cont

G (A).
It also respectively maps admissible smooth, locally admissible smooth, and v–adically

admissible A[M]–modules to admissible smooth, locally admissible smooth, and v–adically
admissible A[G]–modules.
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(3.27) Remark. For U ∈ ModG
P (A), let Csm(P \ G, U) = {P \ G → U locally constant}. We can

pullback along a section σ of G � P \ G (this exists since G is a locally trivial P–bundle over
P \ G) to get an A–linear isomorphism IndG

P U ∼= Csm(P \ G, U).
If U ∈ Modsm

M (A) and f ∈ IndG
P U, then f is locally constant and supp( f ) is an open and

closed subset of G which is invariant under left translation by P, so it can be considered as a
compact open subset of P \ G. There is an open immersion N ↪→ P \ G so we can also regard
N as an open subset of P \ G.

Consider the A–submodule (IndG
P U)(N) = { f ∈ IndG

P U | supp( f ) ⊂ N}. For such f , f |N
is a locally constant, compactly supported functor N → U, so there is an isomorphism14 of A–
modules (IndG

P U)(N) → Csm
c (N, U) . This is locally constant since f is compactly supported

and is an element of IndG
P U(N) mapping to f .

N is invariant under the translation action of P on P \G (n′ ·mn = m−1n′mn), so (IndG
P U)(N)

is P–invariant. This gives a P–action on Csm
c (N, U) ((mn f )(n′) = m f (m−1n′mn)), and there is

an isomorphism of A[P]–modules Csm
c (N, A)⊗A U ∼= Csm

c (N, U).

(3.28) Lemma. Let V ∈ Modsm
P (A). The map ev1N0

: HomA[N](Csm
c (N, A), V) → VN0 induced

by evaluation at the indicator function 1N0 ∈ Csm
c (N, A) is M+–equivariant if we equip VN0

with its Hecke M+–action.
Further, as HomA[N](Csm

c (N, A), V) is an M–module (as M normalises N), this induces an
M–equivariant isomorphism

HomA[N](Csm
c (N, A), V)→ HomA[M+ ](A[M], VN0) ∼= HomA[Z+

M ](A[ZM], VN0). (10)

Proof. The first part is simple.
Let φ ∈ HomA[N](Csm

c (N, A), V) map to φ̃ ∈ HomA[M+ ](A[M], VN0) under the above
isomorphism.

If m ∈ M+, then φ̃(m) = (mφ̃)(1) = (mφ)(1N0) = φ(m1N0) = φ(1mN0m−1).
Since any element of Csm

c (N, A) may be written as ∑i aini1mN0m−1 for some finite sets
{ai} ⊂ A, {ni} ⊂ N, and some m ∈ M+, we see that φ is completely determined by φ̃ so
(10) is injective.

Take some φ̃ ∈ HomA[M+ ](A[M], VN0). We can define φ ∈ HomA[N](Csm
c (N, A), V) as

φ( f ) := ∑i ainiφ̃(m) for any f = ∑i ainiφ̃(m) ∈ Csm
c (N, A). By the M+ invariance of φ̃,

this is well defined independently of the choice of representation for f as such a sum. So
φ maps to φ̃ and we have surjectivity.

(3.29) Proposition. If U ∈ Modsm
M (A), V ∈ Modsm

P (A), then there is a natural isomorphism

HomA[P](Csm
c (N, U), V)

∼−→ HomA[M](U, HomA[Z+
M ](A[ZM], VN0)).

14It is clearly injective, and it is surjective as we can extend any f ∈ Cc(N, U) to a function on PN via f (pn) = p f (n),
setting it to be zero elsewhere on G.
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Proof. We have

HomA[P](Csm
c (N, U), V)

∼−→ HomA[P](Csm
c (N, A)⊗A U, V) (by (3.27))

∼−→ HomA[P](U, HomA(Csm
c (N, A), V))

∼−→ HomA[M](U, HomA[N](Csm
c (N, A), V)) (P action on M factors through P/N)

∼−→ HomA[M](U, HomA[Z+
M ](A[ZM], VN0)) (by (3.28)).

We assume the following:

(3.30) Lemma. Let φ ∈ HomA[P](Csm
c (N, U), V). If f ∈ Csm

c (N, U) and g ∈ G are such that
g f ∈ Csm

c (N, U), then φ(g f ) = gφ( f ).

(3.31) Theorem. If U ∈ Modadm
M (A) and V ∈ Modadm

G (A), then taking ordinary parts induces
an isomorphism

HomA[G](IndG
P U, V)

∼−→ HomA[M](U, OrdP(V)).

That is, OrdP : Modadm
G (A)→ Modadm

M (A) is right adjoint to the functor U 7→ IndG
P U.

(3.32) Remark. The theorem holds replacing Modadm
M (A) by Modv -adm

M (A), and Modadm
G (M)

by Modv -cont
G (A).

We shall only prove the theorem in the case that A is Artinian.

Proof of (3.31). Suppose U and V are smooth.
Restricting maps from IndG

P U to Csm
c (N, U) induces

HomA[G](IndG
P U, V)→ HomA[P](Csm

c (N, U), V) (11)
∼−→ HomA[G](A[G]⊗A[P] Csm

c (N, U), V)

which we wish to show is an isomorphism.
The natural map

A[G]⊗A[P] Csm
c (N, U)→ IndG

P U

is surjective as Csm
c (N, U) generates IndG

P U since the G–translates of N cover P \ G, so
(11) is injective.

Take φ ∈ HomA[G](A[G] ⊗A[P] Csm
c (N, U), V). Let g1, . . . , gl ∈ G and f1, . . . , fl ∈

Csm
c (N, U) be such that ∑l

i=1 gi fi = 0 in IndG
P U. We want to show that ∑l

i=1 giφ( fi) = 0 in
V.

Suppose that each x ∈ P \ G has a compact open neighbourhood Ωx such that for
any other neighbourhood Ω′x ⊂ Ωx of x, ∑l

i=1 giφ( fi|Ω′x gi
) = 0. Then we can partition

P \ G = qs
j=1Ω′xj

and write

gi fi =
s

∑
j=1

(gi fi)|Ω′xj
=

s

∑
j=1

gi fi|Ω′xj gi
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so fi = ∑s
j=1 fi|Ω′xj gi

and, if ∑l
i=1 giφ( fi|Ω′x gi

) = 0, then ∑l
i=1 giφ( fi) = 0 and we are done.

As x = Pg for some g ∈ G, we can replace (g1, . . . , gl) by (gg1, . . . , ggl), and so we
can assume that x = Pe for e the identity. We can identify this identity coset with the
identity of N under the open immersion N ↪→ P \ G. Let Ωe be an open coset of e in N,
so Ωegi ⊂ N as open subsets of P \ G for all i such that gi ∈ PN and such that Ωegi is
disjoint from the support of fi for all other i.

Then
l

∑
i=1

(gi fi)|Ωe =
l

∑
i=1

gi fi|Ωegi = 0

in Csm
c (N, U).
Note that f |Ωegi = 0 if gi /∈ N by our choice of Ωe so gi fi ∈ Csm

c (N, U) and we can
apply φ and (3.30) to get ∑l

i=1 giφ( fi|Ωegi ) = 0, and thus we have shown that it is an
isomorphism. We can compose with the isomorphism in (3.29) and we are done in the
case that A is Artinian.

Now suppose that U and V are v–adically continuous. There is a commutative dia-
gram

HomA[G](IndG
P U, V) lim←−n

Hom(A/vn)[G](IndG
P (U/vnU), V/vnV)

HomA[M](U, OrdP(V)) lim←−n
HomA[M](U/vnU, OrdP(V/vnV))

where the vertical arrows are given by passing to ordinary parts and the horizontal arrows
arise from the isomorphism (IndG

P U)/vi(IndG
P U) ∼= IndG

P (U/viU) together with the
definition OrdP(V) := lim←−n

OrdP(V/vnV).
We have proven that the right vertical arrow is an isomorphism so the left vertical

arrow also is.
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mathématique de France, 2010.

25



[6] MATTHEW EMERTON. Ordinary parts of admissible representations of p-adic reductive
groups ii. derived functors. Asterisque- Societe Mathematique de France, 331, 11 2010.

[7] Matthew Emerton and To Nicholas. Jacquet modules of locally analytic representations
of p-adic reductive groups ii. the relation to parabolic induction. 10 2013.

[8] H. Hida. Galois representations into gl2(zp[[x]]) attached to ordinary cusp forms. Inven-
tiones mathematicae, 85:545–614, 1986.

[9] Jean-Pierre Serre. Classes des corps cyclotomiques. In Séminaire Bourbaki : années
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