The application of Emerton’s functor of ordinary
parts to Hida Theory

Abigail M. Burton

The first section of this project will provide an introduction to classical Hida Theory, proving
some of the main results. In the second section, I shall detail a paper [2] of Emerton’s in which
he reproves these results using tools from representation theory which allows for a more
abstract approach. In the third section, I will present Emerton’s construction of the functor of
ordinary parts which enables us to further generalise the approach from section 2, and I will
derive some properties of it.

1 Hida Theory

Haruzo Hida began to develop his theory of ordinary parts in the 1980’s. It has since grown
and found numerous applications, for instance in proving that ordinary cusp forms occur in
p-adic analytic families in his paper [8] in 1986, and notably in Wiles’ proof [10] of the Iwasawa
main conjecture for totally real fields in 1990.

We are interested whether we can, in some sense, p—adically interpolate the space of mod-
ular forms. More precisely, in the question of whether, given any cusp form of some weight
and level, we can find a family of modular forms containing it that varies p-adic analytically
over weights. Hida gave a partial answer to this question by instead considering the ordinary
parts case.

Hida succeeded in constructing a space so called A-adic cusp forms S(N,A) such that
each point comes attached to a family of classical forms of levels Np” for r > 1 and of varying
weights. This space is acted on by the Hecke operator U) in a natural way, which allows the
construction of a projector e, = lim; e U;”. We call this the ordinary projector, with image
the ordinary part of a module.

In this section we will give an introduction to Hida’s work and outline his proofs of the
following two important theorems which illustrate the efficacy of this approach:

(1.1) Theorem. For k > 2, we have
rankz, SO(IH(Np"), xw %2,) = rankz, SS(IH(Np"), xw % Z,).
(1.2) Theorem. The space Sord(N, A) is free of finite rank over A, and in fact
rank 59 (x, A) = rankz, Sgrd(FO(Np’),de;Zp).
Finally, there is also the following control theorem which shows that Si(x, A) is the interpol-
ating space that we wanted:

(1.3) Theorem. For each k > 2, if P, = (X — (1% — 1)) C A, then evaluation at u* — 1 induces
an isomorphism

SO (x, A) /P S5 ST (T (p), xw ™5 Z,).



1.1 A-adic Forms

(1.4) Notation. Let p be an odd prime and let N be an integer coprime to p.
Let A = Z,[[X]] be the Iwasawa algebra. Let K be a finite field extension of its quotient
field, and let I denote the integral closure of A in K.

e lfp=2setqg=4;

o If p > 2, set g = p, we will mostly work in the case but everything can be easily general-
ised to the p = 2 case.

Let W = 1+ gZ, with topological generator u. There is a decomposition Z; = (Z/q)*
W and, with respect to this, write x = w(x) x (x) (so w : Z; — (Z/pZ)* is a Dirichlet
character with conductor g, for p odd it is the mod p cyclotomic character).

Additionally, let x; denote a Dirchlet character of conductor p" associated to { € -1 with

p odd (or { € p,r for p = 2) defined by mapping the image of u € Win (Z/p"Z)* to {.

(1.5) Definition (I-adic forms). For p odd!, the I-adic form F of tame level N and character
X :(Z/NpZ)* — C* is a formal g—expansion

F—Zan )" € I[[q]]

such that for all specialisations v : I — @p extending the specialisations given by
Vk,@' A — @P
X quf—1
fork >1and ¢ € p,—1 with r > 1, the specialised g-expansion
=) v(an(F))q" € Qpll4]]
n=0

is the image under a fixed embedding Q < Q, of the g—expansion in Q[[4]] of a classical
modular form of:

e weight k
e level Np”
e character x, = )(w_k)(g.

We denote by M(N, x,I) the I-module of I-adic forms of tame level N and character X,
the idea being that each M(N, x, I) is a family of classical modular forms of varying weights
and levels, all with the same residual g—expansion.

Finally we let

M(N, ) : @MNX,)

be the [-module of all I-adic forms.
We will sometimes also refer to these as A-adic forms.

1We can give a similar definition for p = 2 with some adjustments.



(1.6) Definition (Cuspidal I-adic forms). An I-adic form F is cuspidal if each specialisation,
fv,is a cusp form.
We write

S(N,I) =@ S(N, x, 1)
x
for the I-module of I-adic cusp forms.

1.2 The Ordinary Projector

(1.7) Definition (A-adic Hecke algebra). We will denote by (I, x, A) the Hecke algebra
corresponding to S (I, x, A) (the subalgebra of End 4 (Sx(I', x; A)) generated by U, for n € IN),
and by Hi (I, x, A) the Hecke algebra corresponding to My (I, x; A).

Write H(T, x; A) = eHy(I', x; A) and h™(I", x; A) = ey (T, x; A).

M(N,I) and S(N, I) have actions of the Hecke operators U, for n € IN given by the usual
formulas on the coefficients? and this Hecke action commutes with specialisation. The A-
adic Hecke algebra H(N, A) is the A-subalgebra of End(M(N, A)) generated by these Hecke
operators.

We say that A-adic form F is an eigenform if it is an eigenfunction for the Hecke operators.
Equivalently, if each specialisation f, is an eigenform for the Hecke operators.

For U,—eigenvectors, the original notion of being ordinary is that a modular form f is ordinary
if a,(f) is a p—adic unit, and a A-adic form F is ordinary if each f, is ordinary. For example,
the Eisenstein family £y is ordinary since Ay (X) = 1.

But under this definition, we have the problem that the sum of ordinary forms is not
necessarily ordinary. Hida rectified this by constructing the ordinary projector.

(1.8) Fact. Let K/ Qp be finite. Then for any commutative Og—algebra A of finite rank, and for
any x € A, the limit lim,_,. x™ with respect to the p-adic topology on A exists and gives an
idempotent of A.

(1.9) Definition (The ordinary projector). Let K/Q,(x) be finite. We define the ordinary pro-
jector e of the Hecke algebra by
e=¢ep= lim U;‘!.
n—oo

(1.10) Remark. If f is an eigenform of U, with eigenvalue 4,

ef:{f if Jal, =1

0 iflaf, <1

(1.11) Definition (Ordinary A-adic forms). We define the spaces of ordinary A-adic forms as
the images of this idempotent:

M°(N,T) = eM(N,I)

So4(N, I) = eS(N, I).

For F € M(N,A) the coefficients of the formal g-expansion for T,F are given by a,(T,F)(X) =
Zb‘("m)K((b))(X)X(b)b_lamn/bz(F)(X) where x(u®) = (1 + X)*. Using x((n))(uX —1) = w(n)~*n, we can show
an(TyF)(uF = 1) = a, (T, F(uF = 1)).




1.3 Hida’s Proof of Weight Independence
The goal of this section is to prove (1.19).

(1.12) Theorem (Eichler-Shimura Isomorphism). Let k > 2 and I' < SL,(Z) be of finite index.
For fixed zy € b, we have an isomorphism3

M(I') @ Si(T') = HY(I', L(k — 2;C))
(f1, f2) = ('y > /;ZO fi(z)(Xz +Y)F2dz + /;ZO fr(z)(Xz + Y)k_zdz> )

(1.13) Definition (Parabolic cohomology). We can define the parabolic cohomology (or cusp
cohomology) to be the kernel of the restriction map

0 — Hp(I,L(k;C)) = H'(I,L(k;C)) =[] H'(Stabr(c),L(k;C)).
cer'\IP1(Q)

However, the kernel of the composition of the Eichler-Shimura isomorphism with the re-
striction map

Mi(I) @ S(I') = HY(T,L(k—2,C)) = [] H'(Stabr(c),L(k—2;C))
cer'\PP1(Q))

is Sx(I') & Sk(I') so, if I has finite index, then H5(I', L(k — 2;C)) = Si(I') @ Si(I') as Hecke
modules.

(1.14) Theorem. Let (N,p) = 1. Then rankz, (ho"d(I1(Np"); Zp)) is bounded independently
ofkifk>2,r>1.

Proof. Write I' = I1(Np"), n = k — 2.

Let L' be the image of H(I', L(n; Z)) — HY(I', L(n;R)) and let L = L'NH}(I', L(n; R)),
a lattice in HL(I', L(n;R)).

Endz L is free of finite rank over Z, and hy(I';Z) is by definition a subalgebra of
Endz L. Let L, = L®z Zy, s0 k(I Zy) = (I, Z) ®z Zp is a subalgebra of Endz, (Lp).

Thus h{™(I';Z,) is a subalgebra of Endz ,(eLp) and therefore it is enough to prove that
the rank of eL, is bounded independently of .
We have an exact sequence of I'-modules

0 Lm2Z) L L(n;2) = L; Z/pZ) — 0
which yields an exact sequence
HY(TI',L(n; Z)) & HY(I', L(n; Z)) — H\(T, L(n; Z/ pZ))

so there is an an embedding H' (', L(n;Z)) ®z Z/pZ — H(I',L(n; Z/pZ)).
Note that L,/pL, = L/pL < L'/pL’, and L'/pL' is a surjective image of

HY(I,L(n;Z2))/pH' (T, L(n;Z)) = H'(I, L(;Z)) ©z Z/ pZ,

3L(n; A) = Sym™(A?) denotes the space of homogeneous degree n polynomials in two variables with coefficients
in A. T acts on L(11; A) by vP(X,Y) = P((det(y)y *())").



so it is sufficient to show that the dimension of eH! (I, L(n;Z/pZ)) is bounded independ-
ently of 7.
We shall construct an embedding eH! (I, L(n; Z/pZ)) — eH' (I, Z/pZ).

P(X,Y)—P(1,0)
RS ARAER A

i:L(m;,Z/pZ) Z/pZ

is a homomorphism of I'-modules”, and composing with 1-cocycles gives a morphism of
cohomology groups

[=i.: H(T,L(n;2/pZ)) — H\(T', Z/ pZ)

which we will show induces an isomorphism eH' (', L(n; Z/pZ)) = eH' (T, Z/ pZ.).
The short exact sequence of I'-modules

0 — ker(i) » L(n; Z/pZ) — Z/pZ — 0

gives rise to the long exact sequence

HY(T, ker(i)) — HY(T, L(1; Z/pZ)) & HY(T,Z/pZ) — HA(T, ker(i)) = --- (1)

0
H1(T,ker(i)). Further, the action of det(a)a~! on ker(i) is nilpotent and, since ['al' =
Hfi;lll’oc ((1) nf), the action of U, on H7(I', ker(i)) is nilpotent for g > 1.
So applying e to (1) gives that eH' (T, ker(i)) = eH?(I',ker(i)) = 0 and we have that
eH' (I, L(n; Z/pZ)) = eHY\(I', Z/ pZ).
So the rank is bounded by the rank of eH' (I, Z/ pZ) which is independent of n.  [J

If o« = <1 g), then det(a)a~! leaves ker(i) stable’, and hence U, acts naturally on

1 m

“For P(X,Y) = Yl ,a; X" 'Y € L(n;A), <0 1

>P(X,Y) = Y!,a;(X —mY)"Y" and hence

1 (1 %
0 (1,0) = P(1,0). But y = 0 1

T P mod p for any 7y € T, so i is a homomorphism.
YIf P(X,Y) = Y1y X"7Y' € ker(i), then det(a)a™'P(X,Y) = Y1, p'X"~Y = p(T; p 1 X"7YT) € ker(i).

(1.15) Remark. Restriction of U, gives a surjective homomorphism Hy(I'1(N); A) — Hx(Ip(N); A),
so the boundedness of the rank of Hy(Iy(N);Zy) follows from that of Hy(I7(N); Z,).

(1.16) Corollary. M{™(I7(Np); Z,) has rank bounded independent of k.

Proof. There is a perfect pairing

M (I1(Np), x; Zp) x HYY(I1(Np), x: Zp) — Z,
(f, T) = a1(Tf)

(similarly for cusp forms) which induces an isomorphism

Homgz, (HY™ (I1(Np), x; Z,) = M (I1(Np), x; Z)




By the Eichler-Shimura isomorphism, it suffices to show that eH' (I (Np),L(k — 2,Z,))
has rank bounded independent of k. The proof of (1.14) shows that the rank of this is
bounded by the dimension of eH!(I7(Np);Z/pZ) = eH' (I1(Np),L(2 —2,Z/pZ)), so
bounded independently of k for k > 2. O

(1.17) Proposition. M°™(N, A) is finitely generated as an A-module.

Proof. Under specialisation at v = vy 1, F € M°™4(N, A) become elements of MY™(I7(Np), Z,,
which has rank bounded independently of k by (1.16).

We will first prove that M°™ is finitely generated as a A-module.

Note that M°™(N, A) is by definition a submodule of A[[g]] and so is A-torsion-free.

Let W be a finitely generated free submodule of M4 (N, A) with basis {Fi,...,F;}.
Since the F; are linearly independent over A, we can choose 1n; € Z such that D(X) =
det(ay; (F;)) # 0 in A. Now by the Weierstrass preparation theorem”, we can write this as
D(X) = p"P(X)U(X) and then, as we can only have finitely many zeros in pZ,, there
must be some k > 1 such that the specialisation D(u* — 1) # 0.

Let f; = F;(uf —1). By assumption, these modular forms span a free submodule of
rank d of Ml‘grd(l" 1(Np),Z,) which has rank bounded independently of k, and hence W
has bounded rank.

Now suppose that Fi,...,F is a maximal such set. Then these form a basis for
the vector space M°(N,A) ®, Q(A) where Q(A) is the quotient field of A. So if
F € M°Y(N, A), then F = Y_I_, x;F; for some x; € Q(A) which are the solution to the lin-
ear equation AX = B € A" for A = (a,(Fj)), X = (x1,...,%)", B= (an,(F),...,an,(F))".

Choose n; such that D4 = det(A) € A is non-zero. Multiplying by the adjoint matrix
yields Dax = adj(A)Ax = adj(A)B € A", Dax; € A for all i, so DAM°4(N,A) C
AF{ + - - - + AF, which implies that M°™4(N, A) = D, M°9(N, A) is finitely generated as
an A-module (since it is isomorphic to a submodule of a finitely generated A-module
and since A is Noetherian). O

“(Weierstrass preparation theorem). Let f(X) = Y~ 4; X' € A be a power series and assume that |a;] < 1
for1 <i<n-—1anda, € Z;. Then we can uniquely write f in the form f(X) = P(X)U(X) where U(X) is a
unit and P(X) is a distinguished polynomial of degree  (i.e. it has the form P(X) = by + b1 X + - - - + X" where
|bj| <1forall0<i<mn-—1).

(1.18) Theorem. M°™(N, A) is a finitely generated free A-module*.

Proof. We note first that A is a UFD and is a compact ring.

Let F € M4(N,A). If F(u¥ —1) = 0 then a,(F)(u* — 1) is divisible by P = X —
(uk —1) for all k. (F/P) = F(w/ —1)/(w — u¥) for all j # k and it is a modular form,
so F/P € M°4(N, A). Therefore PM°d = {F ¢ M°|F(u¥ —1) = 0} so we can embed
Mot /pMed into MY™(I (Np), xw™%;Z,) and M4/ PMO™ is Z ,—free of finite rank.

Take a Z,-basis F; mod PM° of M°™d/PMO. If \yFy + - - - + A,F, = 0 then we can
assume P { A; for some i and reducing modulo P gives a nontrivial linear relation between
the F; mod P which is a contradiction, so the F;’s are linearly independent over A.

W = AF + -+ AF, is a free A-module of rank r. For any F € M°¢ there is a

4This also holds for $°"4(N, A) with the same proof.

~



nontrivial linear combination Lo of the F;’s such that P|(F — Lg). We can repeat this
argument with (F — Ly) /P to get another linear combination Ly with P|((F — Lg)/P — L)
and soon to get F = Lo+ LiP+---+ Li_1P=1 mod P! which implies that W/P'W =
Mot/ piMeor for all i.

As W =2 A’, the sequence Lo+ L1P+--- + Li_Pi-1 converges and hence W = Merd
and so M s free. O

Now (1.19) follows as a corollary.
(1.19) Theorem. For k > 2
rankz, H,?rd(Fo(Np’),Xw*k;Zp) = rankg, merd
= rankg, Mgrd
rankz, W (IH(Np"), xw™%;2,) = rankz, sod(1

= rankz, s

Lo(Np"), xw ™ 2,)
(

—_~ o~

2 Emerton’s Proof of Weight Independence

In 1999, Matthew Emerton demonstrated a new representation theoretic approach to proving
certain results of Hida’'s [2].
He considered the tower of modular curves studied by Hida

- (Np') = - = Vi(Np) 2
corresponding to the chain of congruence subgroups
-+~ C(Np")C--- C I1(Np)

and proved, using only the basic algebraic topology of the Y1 (p"), the two important theorems
of Hida (2.14) and (2.22).

21 Congruence Subgroups

Let p > 5 (everything holds for p = 3 if N > 1, and can be adapted for p = 2) and let
(N, p) =1 be such that I (Np) is torsion free.

Taking the homology with Z—coefficients of the chain of modular curves (2) and noticing
that H1(G,Z) = G we get a chain

o= (NP )® — - = [(Np)™. 3)
(2.1) Definition. Let I be the subgroup of index p’~! in I' := I} defined by
1= —>2Z; - (Zy/p")" — 1L

(2.2) Definition (Intermediate congruence subgroups). For r > s > 0, define congruence sub-
5
groups

@ﬁ:Fl(NpS)ﬂFO(pr):{(Z Z) lai=d=1 mod Np°,c=0 moder}

5F0(N):{<Z Z) €rc=0 modN} andFl(N):{<Z Z) €la—1=d—1=c=0 modN}.



with
I(Np") Cc & C &} c I1(Np).

In particular, @} is the normaliser of I'(Np") in I (Np).
(2.3) Remark. There is a map®

D — /Iy
a b .
(c d) —d mod p

1= L(Np') = & = I/ = 1,

so @ satisfies

so @3 /I (Np") = I/ I, and abelianisation gives us
N(Np')™® = &3 = IL/T, — 1.

(2.4) Definition (The nebentypus action). The action of ®} on I'7(Np") by conjugation induces
an action of the quotient ®; /T (Np") = I'/T, on I (Np" ). Thus I acts on I (Np” )2 through
I'/I; and the morphisms in the chain (3) are I'—equivariant. We call the morphisms induced
by the elements of I" the diamond operators.

(2.5) Remark. The sequence
1 TN /[05, T3 (Np)] = 05/ [05, Ty (Np)] = To/ Ty — 1
is a central extension of the cyclic group I/ I;. It follows that &3/ [®;, I (Np")] is abelian and
so (@7, [1(Np")] = [}, Py].
Let as denote the augmentation ideal of Z[I5]. By (2.4)
asIy (Np")™ = [@F, [ (Np")]/ [(Np"), I1 (Np')]
so we can rewrite the extension as

1— I (Np)®/as — &5 - IL/T, — 1. (4)

This implies that a map It (Np")2® — I'(Np*)2 in (3) can be factored as the composition

[1(Np")® —— Li(Np")™/ as D3 I (Np*)™.

2.2 Hecke Operators

(2.6) Definition (Hecke operators). Suppose that T is a group with G, H < T and suppose that
t € T is such that t~'Ht N G has finite index in G. There is a transfer morphism” V : G? —
(t~1Ht N G)?P.

6This is surjective as given din I;/T,, we can take a lift d = 1+ kp°N for some k € Z (as if dy,d> € I, then d; = ds
mod [; iff d; —dy € p"Zp). Then take c = Np', so (¢c,d) = 1 so there exist a,b € Z withad —bc = 1and a = d
mod I;. Then (z Z) € P;.

7If G has a finite index subgroup H we can define V : G® — H?: Take coset representatives xy,...,x, of H in G.
Then, if y € G = Ux;jH, yx; = x;a; for some j and some a; € H. Define V(y) =[T_;4; € H?.



Further, conjugation by ¢ induces (t"'Ht N G)® = (HNtGt~1)? and inclusion induces
(HNtGt~ )2 — H2% We can compose these to obtain a morphism

)41
Gt Y, (+-1HtN G)b o (HNtGt 1) H?,
[t

(2.7) Definition (Atkin U-operator). Take T = GL,(Q) and G = H = I'(Np) some congruence

subgroup of SLy(Z). Then if t = <(1) 2) we denote the corresponding Hecke operator by
U = [t], the Atkin U—operator.

(2.8) Remark. Suppose G = @5 in (2.7). Then®

st N @S = SN I(p)
PENtPit ! = 5,

so U is defined by the composition

ul

o T

U: @ —— (27N I(p)) Psab ., psab,

oyt T

@52 can be made into a Z[U]-module and the maps &b — @ﬁ,/ ab jnduced by inclusions
are morphisms of Z[U]-modules. This is because, forr > s> 0,7 >s' >0,r > 1/, s > ¢ the
following diagram commutes’:

(pgab (ps:ab
v I
(@5 NIO(p))® —— (05 NIO(p))

lt(f)t’l it(—)t*l

sab s’ ab
%
(prJrl (Dr’+1

Further, the action of U on ®$% commutes with the action of I' on ®$? via the diamond
operators defined in (2.4). It suffices to show!? that U commutes with conjugation by any

S10(p) =4 (“ Z) |b=0 modp}.

9The lower half clearly commutes. To show that the upper half commutes, notice that & N I'?(p) has coset repres-
entatives ((1) ;) in @ for 0 < i < p — 1 which are independent of r and s, so @52 AR (&N T%(p)) is given by a
formula independent of them which proves commutativity.

Given any d € I'/I;, we may find a = (Z Z) with ¢ =0 mod p'*! and b = 0 mod p. Then (d) is given by

conjugation by a.



w € @5, NT(p). The following diagram clearly commutes

a(—)w

@;:ab @ﬁab

v| v
(@3 1 T0(p)) "% (a3 1 10 (p))a) = (@3 1 TO(p))
t(f)t’ll J{attxil(f)at’lafl

©sab 'X(*)’J‘_l (IX(DS a—l)ab_(bsab
r+1 r+1 — T+l

l |

(p}gab a(=)a” (D((D}s,afl)ab — (I)gab

and if ¢ € & NT0(p), then ata'gat~la™t = (ata 1t V)tgt—H(ata='t71) "1 and ata1t~1 €
I'(Np™™1) so conjugation by this is the identity on @$ f{ Therefore the vertical map on the
right is also U and we are done.

(2.9) Lemma. I3(Np")® — &$2 is a morphism of Z[U]-modules and so its cokernel I3 /T; is
also a Z[U]-module. Further, U acts on I /I, as multiplication by p.

Proof. Consider the U action of @52 /I (Np")2. We can decompose U as

- b
Qv (HNI(p)T x| e

(Npr)®  * (I (Np") N I0(p))b @rab - Ip(Npr)®

where we use coset representatives <é i) to define the map V, which turns out to be
a— ab.
Notice that for « = (“ b 7 a  bp St et = a b/p all have the
c d c/p d cp d
same (1,1) and (2,2) entries, so represent the same coset mod I3 (Np")?.
Thus U acts on @; ab/1"1 (Np’)ab as & — aF, so acts on I; /I, by multiplication by p. [

2.3 Ordinary Parts

(2.10) Definition (Ordinary parts of modules). Take Z an indeterminate with Z,[Z] commut-
ative. Let U be an Z,[Z]-module, finitely generated as an Z,—module.

If B is the image of the morphism of Z,-modules Z,[Z] — Endz, (U), then as Endz, (U) is
a finite Z—algebra, B is also a finite Z,—algebra. Therefore it is a product of its localizations at
finitely many ideals B = [],;; max Bm. The projection Zy, of Z onto By, will either be contained
in the maximal ideal m of By, or contain a unit, we say that m is ordinary if the latter holds.
Let B := [T, ordinary Bm. Each of these is a flat B-algebra and a subalgebra of Endz, (U).

Finally, we define U™ := U ®5 B, the ordinary part of U.

Now, taking Z to be Atkin’s U-operator corresponding to p, we may consider the ordinary
part of the homology group H;(Y;(Np"),Z,) = I3 (Np")® ®z, Zp. Notice that (I (Np")P @
Zp)ord is a '-module since the action of I' commutes with U by (2.8).

10



(2.11) Proposition. If ¥ > s > 0, then there is an isomorphism of abelian groups

(Fl (Npr)ab ®Zp)ord/as 1> (Fl (Nps)ab ® Zp)ord‘

Proof. Take U’ : @%*° — @52 as before. If 77 : @5 — @52 js the map induced by
inclusion, then U’ o r = U € End(®;?) and 7to U’ = U € End(5%).

If m is ordinary, then Un is a unit in Endz, (P} % ®Zp)m so we can take U ! =
I ordinary U,! acting on (@5 ® Z)°'d. Then 7 induces an isomorphism

(@5 @ 2,) = (% 0 Z,)

with inverse U1 o U'.
Inductively, we obtain

(q);ab ® Zp)ord ~ (®sab ® Zp)ord ~ (Fl (Nps)ab ® Zp)ord'
I3/ Iy is p—torsionso I3/ I @ Z, = I/ I;. Also, U is I'-equivariant so taking [s—coinvariants
(i.e. quotienting by as) and taking ordinary parts are commuting functors. Therefore, on
tensoring by Z;, and taking ordinary parts in the sequence (4), we get:
1= (NP ) @Z,) /a5 = (0P @2,)™ = (I,/I;)™ = 1.
By (2.9) U is nilpotent on I/ I} and so (I /I, r)ord = 1 which implies that

(Fl (Npr)ab ® Zp)ord/as ~ (@§ab ®Zp)ord'

2.4 Iwasawa Modules

(2.12) Definition (Iwasawa module). We may take a projective limit in the chain of Z,~modules
= INP)*®2Z, — - = (NP RZ,

to obtain

W= ]'gd"l(Np’)ab ® Zyp.

The profinite group I acts on I1(Np") ® Z,, through its finite quotient I'/ T} and so W is a
module over the completed group algebra

A:=1imZ,[[ /L],

(2.13) Fact. Suppose that M, is a projective system of A-modules such that the M, are invariant
under [ and such that for any r > s, the morphisms factor as M, — M,/as — M;. Let
M= I'&nr M; (so for any s, the natural morphism factors as M — M/as — Ms).

Suppose further that each M, is p-adically complete and the morphisms M;/a; — M;s are
isomorphisms. Then for any s, the morphism M/as — M;s is an isomorphism.
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In particular, this together with (2.11), implies that

(2.14) Theorem. For any r > 1, we have that the I,—coinvariants of word are equal to H(Y;, Zp)ord

Word/arword _ (Fl(Npr)ab ® Zp)ord.

(2.15) Remark. Each module I} (Np")?® ® Z,, is free of finite rank over Z, and so is compact
in its p—adic topology. Therefore if we give W the projective limit topology arising from this it
becomes a compact A-module, and A acts continuously on W.

Since W° is a direct factor of W, this also holds for W' and furthermore, (2.14) implies
that the projective limit topology on W°™ coincides with its m-adic topology (for m = (ay, p)
the maximal ideal of A) because the kernels of A — Z,,/p"[I'/I;] are cofinal with the sequence
of ideals m" in A.

Thus W° is a A-module, compact in its m-adic topology, such that

Vvorcl/m — (Fl(Np)ab ® Zp/p)ord

is a finite dimensional Z,/p-module of dimension d. In particular, W s a finitely gener-
ated A-module with minimal generating set of order d, the Z,-rank of the free Z,-module

(I(Np)™ @ Z,y)°r.

2.5 Main Theorems
Cohomology is the dual of homology:

H'(Y1(Np'), Zp) := Homz(I1(Np")*™, Z,) = Homgz, (I (Np")*® © Z,, Z,)
and A acts on I7(Np") ® Z,, through its quotient A, := A/a, = Z,[I'/I;].

(2.16) Remark. If M is a Z,[U]-module finitely generated as a Z,-module, then the dual
M* := Homgz,(M,Zp) is also finitely generated as a Zp-module and becomes a Z,[U]-

module via the dual action of U. Further, (M*)°™d = (M°rd)*,
(2.17) Remark. There is an isomorphism of Ay—modules!!
Homy, (I1(Np")™® @ Zp, Ay) = Homg, 11, (TL(Np")*® @ Z,, Z,[T'/ T ©z, Z))
=~ Homg, (I1(Np")™ ® Z,, Z,).
As = Ar/as for r > s > 0, so we get a sequence of morphisms of A,—modules
Hom,, (I (Np")® @ Z,, Ar) — Homy, (I (Np")® @ Z,,, Ar) / as
— Homy, (I (Np")® @ Z,, As)
= Homy, (I1(Np")™ ® Z, / as, As).
By (2.16), we may take ordinary parts to obtain
Homy, (I (Np" )™ ® Z,)°, A,) — Homy, (I1(Np)™ ® Z,)°, Ar) /g
— Homy, ((I1(Np*)™ @ Z,,)°™, Aq).

(2.18) Lemma. The transfer ®52P Yr 1(Np")2 commutes with the actions of U.

"Homg (M, N) = Hompc) (M, R[G] ®r N) as right R[G]-modules for M, N left and right R[G]-modules respect-
ively and for G a finite group, R a commutative ring.

12



Proof. The following diagram commutes”

eV [(Np)®

I I

(@5 NI(p))® —Ys (L (Np") N IO(p))?®

Jim |1

s VY p(Np)b

O

“The commutativity of the top square follows from the functoriality of transfer. There are coset representat-

ives for I (Np") N T(p) in & NT0(p) of the form oy = (i Z) where d ranges through coset representatives

of I; in T;. By the same argument as in (2.9), the conjugates to;t~! form a set of coset representatives of I (Np")
in @3, so the lower half commutes.

(2.19) Remark. Suppose G is a torsion-free congruence subgroup of SLy(Z). Then
Homgz,(G*® ® Zy, Z,) = Homz(G®,Z,) = H'(Y(G), Z,)
where Y(G) = G\ h an open Riemann surface. This curve can be completed to the compact
Riemann surface X(G) by the addition of finitely many points, the cusps. Intersection of cycles
yields a canonical isomorphism

HY(Y(G),Z,) = Hy(X(G), cusps, Z,)

where the right hand is relative cohomology. The cusps correspond to the points of the orbit
space G \ P'(Q) and there is a canonical isomorphism

H;y(X(G), cusps, Z,) = (Div’(P1(Q)) ® Z,) /ac
where ag is the augmentation ideal of Z[G] and Div’(IP!(Q)) is made a Z[G]-module via the

action of G on P1(Q).
It follows that if H < G then there is the following commutative diagram

Homgz, (H*® ® Zp, Z) —— Homgz, (G ® Z,, Z,)

H H
HYY(H),Z,) ——— HY(Y(G), Z,)

Hy(X(H),cusps, Zy) — Hi(X(G),cusps, Z,)

(Div’(PY(Q)) ® Z,)/ap — (DIV'(P1(Q)) ® Z,)/ac

13



in which the horizontal maps are the dual of the transfer, the pushforward on cohomology, the
pushforward on homology, and the natural quotient morphism.
This proves that V* is surjective with kernel ac Homz, (H*®2Z,,Z,p).

(2.20) Lemma (A Control Lemma). The morphism
Homy, ((I1(Np")™ ® Z,)°, Ay) /as — Homy, ((I1(Np*)™ ® Z,,)°, As)

in (2.17) is an isomorphism.

Proof. By (2.18) we may restrict V to the ordinary part to obtain a morphism
((Dﬁ ab ® Zp)ord L (Fl (Npr)ab ® Zp)ord
which induces a dual morphism
Homgz, ((I1(Np")™ ® Z,)™,2,) v, Homgz, ((0;°° @ Z,)*, Z,).

The following diagram commutes

Homgz, (I (Np")*® ® Zy)*™, Zp)) —— Homy, ((I(Np')™® @ Z)*, Ar)

L !

Homzp((‘pgab ® Zp>0rdzzp) HomAr((Fl(NPr>ab ® Zp)ord//\r)/as

|

Hom,, ((I'(Np")® ® Z,)°/a,, As)

Homg, ((I1(Np)™ @ Z,)°, Z,;) —=— Homp, ((I1(Np*)® @ As)°™, A;)

where the equalities follow from (2.11) and its proof.
Thus to prove the lemma it suffices to prove that

Homgz, ((I1(Np")™ ® Z,)™,Z,) v, Homgz, (5% © Z,), Z,) (5)

is surjective with kernel as Homgz, ((I7(Np")® © Z,), Z,). But by (2.18) and (2.16), (5)
is the ordinary part of the morphism

Homz, (I1(Np')™® © Z,, Z,) *+ Homg, (5% © Z,, Z,) ©6)

and taking ordinary parts is exact and commutes with the action of I' so it suffices to
show instead that (6) is surjective with kernel a; Homz, (I7(N 4 Gl Zy,Zp). Taking
H =TI;(Np") and G = &5 in (2.19) proves this. O

We now prove the following key theorem of Hida (2.22), assuming the following fact (which
holds due to a result by Serre [9] as A is a regular local ring of dimension two):

14



(2.21) Fact. Any finitely generated reflexive A-module is free.
(2.22) Theorem. The A-module W™ is free of finite rank d.

Proof. By (2.14),
Hom (W9, A) = @HomA(WOTd,A,)
T
= lim Homa, (W /a,, A,)
r
= lim Hom, (I (Np")* & Z,)°, A;)
r
and then, using (2.13) and (2.20), there is a canonical isomorphism
Homy (W™, A)/a, = Homy, (I (Np")* @ Z,)°™. @)

We have the following series of canonical isomorphisms, showing that W is a re-
flexive A-module:

Homa (Hom (W', A), A) = lim Hom (Homa (W', A), A;)
r

= l&n Hompy, (HomA(Word, A)/ar, Ay)
T

= limHom,, (11 (Np")* ® Z,), A), Ar) 8)
= Iim(I(Np")™ © Z,)° ©)
— Word

where (8) follows from (7), and (9) follows from the fact that (I7(Np")*®® @ Z,)°™ is a
reflexive Z,-module as it is a free Z,—module, and is therefore a reflexive A,-module”.

We can then apply (2.21) and are done.
O

If M is a left R[G]-module for R a commutative ring and G a commutative group, if M is reflexive as an
R-module, it is reflexive as an R[G]-module.

3 Emerton’s Ordinary Parts Functor

In 2010, Emerton published the paper [5] in which he constructed the functor Ordp and demon-
strated a few of its basic properties, such as being left exact and additive, commuting with
inductive limits, and preserving admissibility. Ordp provides a generalisation of the notion of
ordinary parts described previously, and in particular allows the representation theoretic ap-
proach taken in section 2 (applying it to p—adically completed cohomology) to be generalised.
For instance, (3.24) abstracts Hida’s principle that the ordinary part of cohomology should be
finite over the weight space.
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Beyond this, the ordinary parts functor can be used in the construction of the the p-adic
local Langlands correspondence for GL,(Q,) (c.f. [1] and[4]). In particular, one can derive it,
which allows us to compute the vanishing of certain Ext groups between irreducible admissible
representations (c.f. [6]).

An important property of Ordp is that, for P a parabolic subgroup of a p-adic reductive
group G with Levi decompositon P = MN and opposite parabolic P, the functor Ordp :
Mod¥™(A) — Mod3{™(A) is right adjoint to parabolic induction Indg : Mod3{™(A) —
Mod%dm(A). This suggests that it is analogous to the locally analytic Jacquet functor [p and
indeed many of the arguments are the same as those appearing in Emerton’s previous papers
[3] and [7] studying this functor.

We shall, following [5], begin by defining certain categories of p—adic representations of G.
We will then define Ordp, and finally prove that it is right adjoint to Ind%.

3.1 p-adic Representations

Let G be a p-adic analytic group, in our case the group of Q,—points of a connected reductive
algebraic group over Q. Let A be a complete local Noetherian O-algebra for O the ring of
integers of some finite E/Q), with a choice of uniformiser @. Further, let A has finite residue
field and maximal ideal m. Let Mod(A) denote the category of A[G]-modules.

In this subsection we will define certain categories of G-representations and outline their
basic properties.

(3.1) Definition (Completed group ring). If H < G is compact open, let A[[H]] denote the
completed group ring of H over A

Al[H]] == lim A[H/H'].
H'’<H open

Each A[H/H'] is endowed with the m-adic topology and A[[H]] has the projective limit topo-
logy arising from this.

Each A[H/H'| is profinite as H/H' is finite (as H is compact) and so A[[H]| is profinite, so
is in particular a compact topological ring.

(3.2) Definition (Smooth representations). If V is a representation, v € V is smooth if it is
annihilated by an open ideal in A[[H]] for some (equiv. any) open H < G. Equivalently, if it is
fixed by some open subgoup of G and if m'v = 0 for some i, where m is the maximal ideal of
A2, Let Vi be the set of smooth vectors in V. V is a smooth representation if V = V.

Let Modg" (A) denote the full subcategory of Modg (A) consisting of smooth G-representations.
This is an abelian category.

(3.3) Definition (Admissible representations). V € Mod$™(A) is admissible if VH[m'] (the m'-
torsion part of V) is finitely generated over A for every H < G open and i > 0. (For A
Artinian, m’ = 0 for large i so V/[mi] = VH and this agrees with the usual definition.)

Let Mod3™(A) denote the full subcategory of Mod{™(A) consisting of admissible repres-
entations. This is an abelian category.

(3.4) Definition (Locally admissible representations). Let V. € Modg(A). v € V is locally
admissible if v is smooth and if the smooth G-subrepresentation of V generated by v is ad-

missible. Let V] ,qm denote the subset of locally admissible elements, an A[G|-submodule of
V.

121f A is Artinian, then m’ = 0 for some i so we can drop the second condition.

16



V is locally admissible if V = Vi qm and the category of these is denoted Mod:24™(A).
This is an abelian category.

(3.5) Definition (Finiteness). Let V € Modg(A) and Z be the centre of G. We say that V is
Zfinite if A[Z]/ Ann7) (V) is a finite A-algebra.

v € V is locally Z—finite if the A[Z]-submodule of V generated by v is Z-finite (equival-
ently finitely generated as an A-module). Let V7 g4, C V denote the set of locally Z—finite
elements. This is an A[G]-submodule of V.

(3.6) Remark. The set of Z-finite (resp. locally Z-finite) modules is closed under taking
direct sums and quotients by Z-finite (resp. locally Z—finite) modules. It follows that if
V € Modg(A) is finitely generated over A[G], then V is Z—finite iff it is locally Z-finite.

Also, we can show that for any V € Modg(A), Viadm C Vz_fin, SO in particular if V is
admissible and finitely generated, then it is Z—finite.

(3.7) Definition (@-adic continuity). We say that V € Modg(A) is w-adically continuous if
1. V is @w-adically separated and complete.

2. The O-torsion subspace V[@®] of V is of bounded exponent (i.e. is annihilated by @/ for
large j).

3. The G-action G x V — V is continuous in the @w-adic topology on V.

4. The A-action A x V — V is continuous in the m-adic topology on A and the @-adic
topology on V.

Let ModZ“™(A) denote the full subcategory of Mod(A) consisting of @-adically con-
tinuous representations of G over A. It is closed under taking kernels, images, and extensions.

(3.8) Definition. We say V € ModZ ™ (A) is admissible if (with the induced G-representation)
(V/@V)[m] € Mod¥™(A/m).
Let Mod‘g'adm(A) denote the category consisting of these. This is an abelian category.

(3.9) Remark. When A € Art(0), Mod2<°™(A) = Mod{™(A) and Mod224™(A) = Mod¥™(A).

3.2 The Ordinary Parts Functor

We will now define the Hecke action and construct the ordinary parts functor.

Let P be parabolic in G with Levi decomposition P = MN. The example to have in mind
is G = GL,(Qp) with maximal compact GL,(Z), P the upper triangular matrices, N upper
triangular matrices with 1’s on the diagonal, and M the diagonal matrices.

(3.10) Definition. If V € Mody(A) and N; C N, C N are compact open subgroups, define
the operator hy, n, : VN1 — VN2 by

hny Ny (0) = ) o,

neN, /Ny

summing over coset representatives. It is easy to check that this is well defined and that for
Ny C Na C N3, hng Ny ling Ny = N Ny -
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(3.11) Notation. Let Py < P be compact open and set My = MNPy, Ng = NN P,
Mt = {m e M| mNomfl C No}.
Let Zy be the centre of M, and set Z;;I = Mt N Zyp.

(3.12) Definition (Hecke action). Let V € Modp(A). Then for any m € M™ we define Iy, :
VNo — VNo via
hNO/m(v) = hNO,mNOm—l (TYZZ))

Note that if my,my € M, then!3 hNg,mymy = N, my NG, my» SO BiNg,m induces an action of M
on VNo, which we call the Hecke action of M*.

This allows us to regard VNo as a module over the algebra A[M*], and over its central
subalgebra A[Z;;I]. If m € My, then mNygm~—! = Ny so hny,m coincides with the action of m on
Vo,

With this action, we may also consider the A[Z)s]-module Hom AlZ3] (A[Zp]), Vo) as well as
its submodule HomA[ZM (AlZpm], VNO) 7. fin-

We assume following result from [3]:

(3.13) Proposition. Let N;, N/ be compact subgroups of N for 1 <i < n.
LY ={z€Zy|zNiz! CN/V1<i<n}thenY generates Zy as a group.
221Y ={me M|mNm™ C N/V1 <i<n}thenY and Zy together generate M as a
semigroup.
In particular Y’ generates M as a group.
(3.14) Corollary. Zy is generated by Z3, as an abelian group.

(3.15) Definition (Ordinary parts functor). If V € Modp"(A), then we write
Ordp(V) := HomA[ZM(A[ZM],VNO)

which we refer to as the P-ordinary part of V.
Assume temporarily that Ordp is well defined independent of the choice of Py and M.

(3.16) Remark. To relate this to the definition (2.10) in section 2, suppose U is an A[Z]-
module and finitely generated over A. Then B = Im(A[Z};] — Enda(U)) = ITu max Bm
induces a factorization U = [T, max Um, and so a factorization

Hom,, 7+ 1 (A[Zp], U) = I Hom,, 7+ 1 (A[Zpm], Un).

m max

If m is ordinary, the A[Z};]-module structure on Uy, extends uniquely to an A[Z]-module
structure and evaluation at 1 € Z); induces an isomorphism Hom AlZ}] (AlZpm], Un) = Uy If
m is non-ordinary, then Hom ALz (Zy, Um) = 0.

Thus, evaluation at 1 induces an embedding

HomA[Zl*\'/I](A[ZM]/U) =~ J] UnclU.

m ordinary

Notice that this also shows that Hom 4 izt (A[Zwm], U) is finitely generated over A.

_imy =

13 — — _
hNO,ml my hNO,mlmzNomz’lml’l mymy = hNO,ml Noml’1 hml Noml,mlmZNUmZ’lml’1 mymy = hNO,ml Noml’1 mthg,mzNomz

hNU,ml hNU/mz .
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(3.17) Proposition. Ordp is a functor Modp™ (A) — Modj;'(A).

Proof. Let W be an A[Z};]-module and take ¢ € Hom (741 (A[Zpm], W) 7,-fin-

Let ev; : Hom 7+, (AlZm), W) z,,-in — W denote evaluation at z € Z}; and consider
the A[Zy1]-submodule U = (¢) C HomA[ZM (A[ZMm], W) z,-fin-

ev1(U) = im(¢) and since ¢ is locally Zy,—finite, U is finitely generated over A and so
im(¢) also is. Since z1¢(22) = ¢(z122) for z1 € Z3;, 20 € Zpy, im(¢p) is invariant under the
action of Z;.

Now suppose that W is additionally an A[M*]-module.
There is an isomorphism

M Xzt Zm = MT x Zy/((mz",z) ~ (m,z7z)) = M
(m,z) — mz

which is a bijection”.
The restriction map induces an isomorphism

HOD’IA[MJr](A[M],W) = HOIIIA[M+](A[M+ XZI\J;I ZM],W) :> HOI’IIA[ZIJ(/I] (A[ZM],W)

which, due to the natural A[M]-structure on Hom 4[5+ (A[M], W), allows us to endow
Hom 7+ (A[Zp], W) with an A[M]-structure which extends its original A[Z]-module

structure. This has the property that for any z € Zy, ev, is M —equivariant.

Let us further assume that W is My—smooth.

Since im(¢) is a finitely generated A-submodule of W, we may find an open ideal
I of A[[Mp]] that annihilates im(¢), so I annihilates ¢ also. Thus the action of M, on
HomA[ZM (A[Zm], W) z,,-fin is smooth, so the M action is also.

VNo with the Hecke action satisfies the properties assumed for W and the action of
M is smooth, so the above holds with W = V™. Therefore Ordp(V) is a smooth M-
representation and we are done. O

It is injective as, if mjz; = myzy, then as Z;(A generates Z) there is z € Z;(A such that z;z; 1

z € Z;I SO
(m1,21) ~ (mz1z5 2,27 23) = (mpz,27 20) ~ (my,2,). It is surjective as MT and Zy generate M together by

(3.13).

(3.18) Proposition. Ordp is well defined.

Proof. We want to prove first that Ordp is independent of the choice of P.

Suppose that P} is an open subgroup of Py and write M, :== M NP), Ny = NN P},
(M) = {m € M\m{\]{)m_l C No}, (Zy) = (M) NZy. We can define the Hecke
action of (M) on VONO in the obvious way.

Write Y = Mt N(M*") and Y = Z;, N (Z};) = Y' N Zpy. Then by (3.13), Y generates
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Z) as a group so

HOmA[(ZIJ\r/I)/]<A[ZM],VN6) = HOmA[y](A[ZM],VN6>
Hom 7+ 1 (A[Zm], Vo) = Hom 4y (A[Zp], V)

so we have a map

N/ f'—)hNO’Néof N

If m € Y then” hNo,tho,N(’) = hNO,N()hN(g,mI SO hNO,N() commutes with the Hecke action

of Y on VNo and VM, By (3.13), Y/ and Z) together generate M, so ¢ is M—equivariant.
For z € Y with zNpz~! C N|, define
o—h,

N,

O,ZN0271 (Z’U).

a: VN v,
We can check that” hN{),zNoz*ltho,m = hNO,thélzNoz—lz so the action commutes with
the Hecke actions of Y/, and so there is an M-equivariant map
f =0 f /
hNo,N(’]hN(,,zNoz*lz = hy,, and® hN(J,zNoz*ltho,N{) = hp,,z, s0 the composites ¢ and P¢
coincide with the automorphisms induced by composing with the Hecke actions of z.
Therefore ¢ and ¢ are both isomorphisms, and so ¢ is both injective and surjective, so
¢ is an isomorphism.

This concludes the proof that Ordp is well defined up to canonical isomorphism inde-
pendently of the choice of Py. It remains to show that it is also independent of the choice
of Levi factor M.

Suppose that M’ is another Levi factor. There are canonical isomorphisms M = P/N =
M’ and there is a unique n € N with nMn~! = M’. Conjugation by 7 is an isomorphism,
so we can regard any M’'-representation as an M-representation and vice versa.

Pick Py C P compact open and define Py = nPyn~!, My = nMon~! = nMn~1 N P},
Nj = nNon™' = NN P, (M)* =naMtnt = {m € M'|m'Nj(m")™" C N¢}, Z, =
nZim=t = (M)" N Zy.

We define a Hecke action of (M’)™ on VN0 in the obvious way and can show as before
that Hom ;1 (A[Zpp), VD) is an M'-representation. Therefore Hom,y 7+ (A[Zp], VMo ) Z-
also is and so it is an M-representation.

Define the functor

Ordp : Modg(A) — Mod(A)
V = Homy 7+ (AlZp], VNO) 2, fin-
UV—No,

There is an isomorphism VM == VNo which commutes? with the Hecke operator
hy on VN0 and the operator /1,1 on Vo for all m € M*. So there is an M-equivariant

fin
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isomomorphism
Ordp(V) = Hom 7 (A[Zm], Vo) = Hom y 7+ 1 (A[Zr], vNo) = Ordj (V)
M/
f — nf.

So Ordp is well defined up to canonical isomorphism independently of M. O

a _ _ _ _ _

hNo/thg,N(’] - hNU,mNgmflthQ,Né - hNg,mNUm*1 thmel,mNémflm - hNo,mN(’]m*1m - hNQ,NéhNé,mN(’]nt*lm -
hNO,NéhN(],m'

28] _ _ _

Using that z € Zy, hN(’),ZNOZ’TZhNOrm - hNé,zNoz’]Zhl\]o,ml\lom’1 m = hNé,zNgz’1 thgz’l,szgm’lz’sz -
th’],szgmflzfl zm = hN(’),mN(’)m*1 thémfl,mzNnglmfl mz = hN(’),mN(’)m*1 thé,zNgz’lz = hNorWth(’J,zNoz*1 Z.

c _ _ _

hN[’),zNOz*1ZhNg,N(’J = hN[’),zNO,z*1 thozfl,zN(’)z*lz - hN(’),zN(’)z*lz - hNo/Z'

d _ _ _ -1
nhy, = nhNO/mNom,lm =h anm = hN(g i nmn

nNon=1,nmNom=1n imn = Ngnm=1n n= hnmn*”‘

(3.19) Definition. Evaluation at 1 € A[Zy] induces Ordp(V) — V™, the canonical lifting.
(3.20) Facts (Properties of Ordp).
e If {Wi}ics is an inductive system of smooth Z3,-modules, then the natural map is an

isomorphism

tim Hom 7+ (A[Za], Wi) z,-6in = Hom 72 (A[Za], i Wi) 7, fin-
1 1

e Ordp : Modp(A) — Modp(A) is left exact, additive, and commutes with inductive
limits.
(3.21) Fact. Let I, I be compact open subgroups of G admitting Iwahori decompositions with
respect to P and P. Suppose further that 1 "M C ) NN, [ NM = IhyNM, and [ NN =
IpN'N = Np. Then if zg € Zj; is such that (IpN'N) C zo(L ﬁN)zo_l, then hy, -, (V1) C V.

(3.22) Theorem. If V is an admissible smooth representation of G over A, then Ordp(V) is an
admissible smooth representation of M and the canonical lifting is an embedding.

Sketch Proof. V is smooth, so it is an inductive limit of its submodules V[m']. As Ordp is
left exact and preserves inductive limits, Ordp(V[m']) < Ordp(V)[m'] is an isomorphism
and Ordp(V) is an inductive limit of Ordp(V')[m']. So it suffices to prove the theorem for
V[m'] instead of V.

Choose a cofinal sequence {I;};>q of compact open subgroups of G with I; normal in
Ip and admitting an Iwahori decomposition” with respect to P and P. Let M; = [; N M,
N; =LNN, N; = ;N N. Then fori > j, I;; = N;M;Np is compact open in Iy and has
an Iwahori decomposition. It is enough show that Ordp(V)Mi is finitely generated over A
and the canonical lifting induces an embedding Ordp (V)M < VN for all j > 0.

Let Py = MoNp, a compact subgroup of P. VMM is invariant under the Hecke Zi-
action on VM so Ordp(V)Mi = HOIHA[ZM(A[ZMLVMjNO)ZM-fin- For ¢ € Ordp(V)M,
im(¢) is a finitely generated Zj,~invariant A-module, so im(¢) C V' for large i, ;.

If we take zg € Zj; with N; C Zoﬁizo_l, then” im(¢) = hy », im(¢) C hNO,ZO(VI"J) C
Vi, So if U denotes the maximal A-submodule of V% invariant under the Hecke Zi-
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action, then im(¢) C U and consequently Ordp(V)Mi ¢ HomA[ZM (A[Zpm], U), and so is
finitely generated over A by (3.16). (3.16) also shows that the canonical lifting induces an
embedding Ordp (V)M — U c Vi ¢ VM, O

“(INN) x (INM) x (INN) — I is a bijection.

bIf z € Zyy, then ¢(z) = 4)(202612) = hNO,z0¢(Za]Z) c hNO,zo(VI"f)~
For the last inequality, we use (3.21).

(3.23) Definition (Extension to @-adically complete representations). If V € Mod$ “"(A),

then we define 4
Ordp(V) := I'&nOrdp((V/a)lV))
i

and this is well defined as each V/@'V € Mod3™(A/m/).
This defines a functor

Ordp : Mod P ™ (A) — Mod{“™(A)

and we can show that for sufficiently large j, there is an embedding Ordp(V)/@/ Ordp(V) —
Ordp(V/@!V) and the projective limit topology on Ordp(V) coincides with the w-adic topo-
logy on Ordp(V).

We have the canonical lifting Ordp(V/@'V) — (V/@'V)M, so passing to projective limits
gives an MT—equivariant map Ordp(V) — VMo which we again refer to as the canonical
lifting.

(3.24) Theorem. Taking ordinary parts induces a functor Ordp : Mod‘gfadm(A) — Modf[adm(A).

Furthermore, for any V € Mod2 29™(A), the canonical lifting above is a closed embedding
when its source and target have their @-adic topologies.

3.3 Parabolic Induction

(3.25) Definition (Parabolic induction). Let P be the opposite parabolic to P with unipotent
radical N and M = PN P.

If U € Modj'(A) then we can regard it as a P-representation by letting N act as the
identity. Define

IndS U = {f : G — U | f locally constant, f(pg) = pf(3) ¥ € P,g € G}.
If U € Mod$“®™(A), then we can again regard it as a P-representation and define
Ind% U={f:G— U]|f cts (U with @w-adic topology), f(pg) = pf(g)Vp € P,g € G}.
The right regular action of G on functions gives these the structure of A[G]-modules.

(3.26) Remark. Parabolic induction U — Ind% U gives rise to exact functors Modj' (A) —
Mod¥"(A) and Mod% ™™ (A) — Mod& " (A).

It also respectively maps admissible smooth, locally admissible smooth, and @-adically
admissible A[M]-modules to admissible smooth, locally admissible smooth, and @-adically
admissible A[G]-modules.
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(3.27) Remark. For U € Mod%(A), let C™(P\ G,U) = {P\ G — U locally constant}. We can
pullback along a section o of G — P\ G (this exists since G is a locally trivial P-bundle over
P\ G) to get an A-linear isomorphism Ind$§ U = 5™ (P \ G, U).

If U € Modjf'(A) and f € Ind% U, then f is locally constant and supp(f) is an open and
closed subset of G which is invariant under left translation by P, so it can be considered as a
compact open subset of P\ G. There is an open immersion N < P\ G so we can also regard
N as an open subset of P \ G.

Consider the A-submodule (Ind% U)(N) ={f e Ind% U | supp(f) C N}. For such f, f|n
is a locally constant, compactly supported functor N — U, so there is an isomorphism!* of A—
modules (Ind% U)(N) — CS™(N, U) . This is locally constant since f is compactly supported
and is an element of Ind% U(N) mapping to f.

N is invariant under the translation action of P on P\ G (n’ - mn = m~'n'mn), so (Ind% Uu)(N)
is P-invariant. This gives a P-action on CS™ (N, U) ((mnf)(n') = mf(m~1n'mn)), and there is
an isomorphism of A[P]-modules C:™(N,A) ®4 U = C™(N, U).

(3.28) Lemma. Let V € Modp"(A). The map eviy, - Homyy (C3™(N, A), V) — VNo induced

by evaluation at the indicator function 1y, € CS™(N, A) is MT—equivariant if we equip V™0
with its Hecke M+ —action.

Further, as Hom 4 ) (C3™(N, A), V) is an M-module (as M normalises N), this induces an
M-equivariant isomorphism

Hom 4 (CE™(N, A), V) — Hom g+ (A[M], VN0) = Hom ;41 (A[Z], vy, (10)

Proof. The first part is simple.

Let ¢ € Hom 4y (CE™(N, A), V) map to ¢ € Hom ypps+(A[M], Vo) under the above
isomorphism.

If m € MY, then ¢(m) = (m$)(1) = (m¢)(1n,) = p(miny) = ¢(Lyngm-1)-

Since any element of C3™ (N, A) may be written as ) ; ainil,, Ny, for some finite sets
{a;} C A, {n;} C N, and some m € M™, we see that ¢ is completely determined by ¢ so
(10) is injective.

Take some ¢ € Hom 4[5;+)(A[M], VNo). We can define ¢ € Hom 4 (CZ™(N, A), V) as
¢(f) := Tiamnp(m) for any f = Y ;a;n;p(m) € CS™(N, A). By the MT invariance of ¢,
this is well defined independently of the choice of representation for f as such a sum. So
¢ maps to ¢ and we have surjectivity. O

(3.29) Proposition. If U € Modjj'(A), V € Modp"(A), then there is a natural isomorphism

Hom 4 p) (CZ™ (N, U), V) = Homy (U, Hom, ;1 (A[Zu], VoY),

141t is clearly injective, and it is surjective as we can extend any f € Cc(N, U) to a function on PN via f(pn) = pf(n),
setting it to be zero elsewhere on G.
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Proof. We have

Hom 4 p) (CZ™ (N, U), V) = Homp (CZ™(N, A) @4 U, V) (by (3.27))
— Hom 4 p (U, Hom (CZ™(N, A),V))
= Hom 4y (U, Hom4 1 (CZ™(N, A), V)) (P action on M factors through P/N)
= Hom gy (U, Hom 74 ) (A[Z], VoY) (by (3.28)).

We assume the following:

(3.30) Lemma. Let ¢ € Hom,p)(CZ™(N,U), V). If f € CZ"(N,U) and g € G are such that
gf € CM(N, U), then ¢(gf) = g¢(f)-

(3.31) Theorem. If U € Mod3$™(A) and V € Mod¥™(A), then taking ordinary parts induces
an isomorphism

Hom 4] (Ind$ U, V) = Hom 4 (U, Ordp(V)).
That is, Ordp : Mod®™(A) — Mod3$™(A) is right adjoint to the functor U — Ind% u.

(3.32) Remark. The theorem holds replacing Mod3$™(A) by Mod%, 2™ (A), and Mod™ (M)
by Mod@ M (A).

We shall only prove the theorem in the case that A is Artinian.

Proof of (3.31). Suppose U and V are smooth.
Restricting maps from Ind% U to Cs™(N, U) induces

Hom 4G (Ind$ U, V) — Hom,,p (CS™(N, U), V) (11)
— Homy ) (A[G] @ 4[p) CZ™(N, U), V)

which we wish to show is an isomorphism.
The natural map

A[G] ® 4(p) CS™(N, U) — Ind§ U

is surjective as C™(N, U) generates Ind% U since the G-translates of N cover P\ G, so
(11) is injective.

Take ¢ € Homyg(A[G] @4pp) CE(N,U), V). Let g1,...,81 € G and fi,....f; €
C™ (N, U) be such that Y}_; ¢;f; = 0in Ind% U. We want to show that !, gi¢(f;) = 0in
V.

Suppose that each x € P\ G has a compact open neighbourhood Qy such that for
any other neighbourhood (2, C Q, of x, Y!_, gip(fi] g) = 0. Then we can partition
P\G= I, 02, and write

S

S
Sifi = Z(gifiﬂn{yj = Zgiﬁb;jgi
j=1

j=1
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so f; = Z?:l fi|0§jgi and, if Zi-:l gi¢(ﬁ|9;g’_) =0, then 2521 <i¢p(fi) = 0 and we are done.

As x = Pg for some g € G, we can replace (g1,...,&/) by (¢81,--.,881), and so we
can assume that x = Pe for e the identity. We can identify this identity coset with the
identity of N under the open immersion N < P\ G. Let (2, be an open coset of e in N,
so 2.g; C N as open subsets of P\ G for all i such that g; € PN and such that (2,.g; is
disjoint from the support of f; for all other i.

Then l l

(8ifi)lo. = Y 8ifilag =0
=1 i=1

in CS™(N, U).

Note that f\_qeg[ = 01if g; ¢ N by our choice of (2, so gif; € C™(N,U) and we can
apply ¢ and (3.30) to get Y!_, gip(fil 0.g;) = 0, and thus we have shown that it is an
isomorphism. We can compose with the isomorphism in (3.29) and we are done in the
case that A is Artinian.

Now suppose that U and V are w-adically continuous. There is a commutative dia-
gram

Hom 4g)(Ind U, V) —— lim Hom 4, qn)g|(Ind; (U/@"U), V/@"V)

| |

HomA[M](U,Ordp(V)) Em— 1@11 HomA[M](U/a)”u,Ordp(V/cD”V))

where the vertical arrows are given by passing to ordinary parts and the horizontal arrows
arise from the isomorphism (Ind% u)/ a)i(lnd% u) = Ind%(ll/ @'U) together with the
definition Ordp (V) := lim Ordp(V/@"V).

We have proven that the right vertical arrow is an isomorphism so the left vertical
arrow also is. [
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